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Lecture 1 FEM = Discretization method + Rayleigh-Ritz method

Since the advent of Newton’s masterpiece Mathematical Principles of Natural
Philosophy in 1687, calculus had been taking part in scientific findings and
engineering applications in nature, with an increasingly more and more important role.
Nowadays, it has been widely acknowledged that most (if not all) natural phenomena,
whether mechanical, electrical, or biological, could be described in terms of ordinary
or partial differential equations (DEs) that capture the laws of physics, e.g.,
Newton’s law, Fourier’s law, Fick’s law, Ampere’s law, Gauss’s law, and Faraday’s
law. How to solve the DE-governed field problems, ¢.g., initial value problems (IVP),
boundary value problems (BVPs) arising in scientific research and engineering
practice is a fundamental issue that is common to scientists and engineers. To deal
with this issue, there are mainly two different kinds of approaches: one is the exact
(closed-form) solution approach (i.e., analytical techniques); the other is the
approximate solution approach (i.e., numerical techniques). To date, as the
advancement of computer technology, numerical techniques show more great
advantages over analytical techniques, especially in tackling field problems with
complex boundary/initial conditions and loadings. Among various numerical
techniques, finite element method (FEM) is one of the most prestigious.

The history of FEM dates back to 1877 when the Rayleigh-Ritz method was first
invented by Rayleigh and later improved by Ritz in 1908. The Rayleigh-Ritz method
is also known as Galerkin method since Galerkin proposed the concept of function

orthogonality in the Lebesgue-2 integral (an inner product defined for a function
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space) in 1915, which generalized the idea of Rayleigh-Ritz method. Herein, an
example is presented to show the idea of Rayleigh-Ritz method. In the example,

consider the following field problem to find the unknown field variable u=14(x) in
the field domain 0<x <1 subject to the governing equation and boundary
conditions as following

d*u 4

GE. —+u=x", 0<x<lI
dx (1)

B.C. u(0)=0, u(1)=0
Solution procedure 1
Step 1: Derive the weak form of the differential governing equation by

integration over the whole field domain with a test function v = f/(x) .

=
2

J}j%vdx + Oluvdx = J()l x*vdx (2)
X

=

1
d—uv —jld—ud—vdx+jluvdx =j1X4VdX
dx 0dx dx 0 0

Step 2: Construct a trial function u to approximate the solution u by a linear

combination of N basis functions that satisfy the boundary conditions

=Yg G

where ¢ ; are unknown constants called Ritz coefficients, and ¢ = q% (x) are basis

functions that are constructed according to the boundary conditions
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¢ =x(1-x)
=x*(1-x
Py =XN(1—X)

Step 3: Derive the system of N algebraic equations by letting v=¢ respectively

in Eq. ().

S
JZ_I:DO dx dx

_¢i¢jdx}cj = —J-Ol x4¢idx, 1=12,....N

)

M= U

B(¢i’¢j)cj =L(¢)

J

where B(¢i,¢j) is called a bilinear form, and L(¢) is called a linear form.

Step 4: Solve for the Ritz coefficients according to Eq. (5) by hands or computers,

and further obtain the approximate solution by Eq. (3).

Solution procedure 2

Step 1: Derive the variational form of the differential governing equation and

further the functional IT of the field variable by integration over the whole field

domain with a variation ou of the field variable, where & is known as the

variation operator. ou is a new and independent field variable, but has a very small

perturbation/deviation from the function u.
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jo [j—u + uj oudx = J x*Sudx

X

jld 4 §udx+I uoudx = I x*Sudx

‘ j 'du d5“d + [ usudx = [ x*Sudx
-
5{% j;(g—zjz ~uidx+ ) X4udx} =0
=

2
IT (u) = lJ.l (d_uj —u® +2x*udx
290 dx (6)
Note that 5u(x) = 5u(1) =0 1is assumed and the differential operator and the
variation operator are interchangeable, i.e.,
dou _ 5( du j
dx dx
=
2
dudsu_du fdu)_[1(du
dx dx dx \dx 2\ dx
Step 2: This step is the same as the step 2 in the solution procedure 1.

Step 3: Derive the system of N algebraic equations by substituting Eq. (3) into Eq.

(6) as

H(cj)zajo(id‘]j jz (Z¢JCJJ +2x Z¢cjdx (7)

j=1

and applying the necessary conditions for minimization of the functional I(c j)
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o _, o an

=0, =0, .., =0
oc, 80 6c
=
o _ 1d¢ - dgy

N
¢,~¢> pc +x'gdx, i=12,..,N
i1

8(: : dx

=

(8)

Doiﬁ?’ ~gdx }: =—j ‘gdx, i=1,2,..,N

™M= U = U

B(4.4,)c;=L(4)

j

Step 4: Solve for the Ritz coefficients according to Eq. (8) by hands or computers,
and further obtain the approximate solution by Eq. (3).

It is noted that the key of applying Rayleigh-Ritz method is the construction of
the trial function (i.e., Eq. (3)). Numerically speaking, the construction process is an
interpolation process by invoking a finite set of degrees of freedom (DoF). The most
significant feature of Rayleigh-Ritz method is that the test function has to be chosen
among the basis functions. If this requirement is removed, Rayleigh-Ritz method
turns into a more general method called weighted residual method (e.g., co-location,
co-volume, moment, least square). In addition, the Reyleigh-Ritz method considers
the whole field domain when testing the residual of the differential equations. This
limits its application to field problems with complex field domain. To overcome this,
in 1943, R. Courant proposed a method where a complex field domain was first
discretized by a finite number of triangle subdomains, and a trial function was then
constructed with respect to each subdomain. Courant’s method is deemed as the first
FEM published. While his method was not popular then due to the low computation

capability of that time, however, the idea of combining discretization method and
5
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Reyleigh-Ritz method gradually showed up. In 1944, J.H. Argyris proposed a similar
idea and apply it to aircraft design. And later, the power of this idea is enlarged by
computer technology.

During the WWII, computer technology experienced a time of fast development
due to various military demands, e.g., in 1946, the first modern electronic computer
ENIAC was made for ballistic trajectory calculation in the USA. This extremely
boosts the development of FEM and its applications. In 1950s, a large number of
scholars (Clough, Wilson, Taylor, et.al.) from University of California at Berkeley in
the USA endeavored themselves to research activities related to computer-aided
design of aircraft, sponsored by Boeing company. Their work laid the foundation of
the modern FEM. From then on, during 1960s-1980s, various FEM software emerged,
e.g., SAP (Wilson, 1969, USA), NASTRAN (NASA, 1969, USA), ANSYS (Swanson,
1970, USA), MARC (Marcal, 1971, USA), ANIDA (Bathe, 1975, USA), DYNA3D
(Hallquist, 1976, USA), ABAQUS (Hibbitt et.al., 1978, USA), COMSOL (Littmarck
et.al., 1986, Sweden), RADIOSS (Mecalog, 1987, France). Most of these software
products targeted the structural design/analysis market in the areas of civil
engineering, mechanical engineering, aerospace engineering, etc. From the 1990s to
the current, commercialization of these software products is the main trend since the
state-of-the-art FEM is very mature. During the course, many small companies
were acquired by large companies, e.g., ABAQUS was acquired by SIMULIA in 2005,
ANSYS was acquired by SYNOSYS in 2024. Apart from commercial FEM software,

these days, open-source FEM software become popular, such as MOOSE, GetFEM,
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FEniCS, FreeFEM, Code Aster, and CalculiX, just to name a few.
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Lecture 2 Mathematical preliminaries

2.1 Basic matrix notion

Since a FEM relies on discretization methods to transform a continuum field
domain into a discrete field domain (i.e., elements connected by nodes) and
interpolation methods to approximate a continuum field variable in terms of its
nodal value, the resulting system of algebraic equations from continuum field
problems could be finally described by matrices and vectors, which suit the computer

operation well. For example, for the following system of algebraic equations

A11X1 + AIZXZ + A13X3 = bl
AZIXI + A22X2 + A23X3 = bz (1)
Ay X HALX, +AuX; =D,

It can be rewritten in matrix form as

Ax=b (2)
where
A, A, A X b,
A=A, A, A,|, x=|x,|, b=|b, 3)
Ay Ay, Ag X3 b,

are called the system matrix, unknown vector, and right-hand-side vector respectively.
Since calculation based on matrix operation is intensively used in FEM. We will
go through some important concepts about matrix algebra.
Definition 1-Matrix. For a general matrix, the number of rows “m” and number

of columns “n” are usually not equal.
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I All AIZ A13 Aln ]
A21 A22 A23 * A2n
A = Ay Ay Ay Ay, 4)
_Aml Am2 Am3 ° Amn _

For an entry in the matrix, there is a unique row number and column number to

name the entry. Example for the i-th row and j-th column entry, it is denoted as

Ay, 1<i<m, 1<j<n (5)
Definition 2-Column matrix.
Example:
1
Ay =13 (6)
2
Definition 3-Row matrix.
Example:
A,=[1 3 2] (7)

Definition 4-Square matrices. When the number of rows and the number of
columns are equal, the matrix is called a square matrix. For an nxn square matrix

A, it is usually called an n-th order square matrix.

nxn ?

Example: a 3" order square matrix

®)

>

Il
oo 3 =
N2 \S RN N
W N W

There are two special square matrices: one is called identity matrix I whose

diagonal entries are unit, and the other entries are null; the other is called null matrix

0

nxn *
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Example:
1 00 0 0 0
L,=/0 1 0, 0,,=/0 0 O 9)
0 0 1 0 00

Definition 5-Matrix equality. For two matrices A__ and B__ of the same

dimensions, they are equal if and only if their entries are equal

A; =B, 1<i<m, 1<j<n respectively.

ij>

Example:

A_123
203 2 1

1 2 3
B. .= 10
>3 {3 2 1} (19)
=
A2><3:B

2x3

Definition 6-Matrix addition and subtraction. For two matrices A and

B, . of the same dimensions, their addition and subtraction are defined in terms of
their entries

, o 1<i I1<j<n
ij 1 12
< <i< (11)

Example:

= (12)
C.. A, B {2 4 j
2x3 2x3 2x3 6 4 2
D —A B {o 0 o}
2x3 2x3 2x3 O O O
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Definition 7-Scalar multiplication. For a matrix A a scalar times the matrix

mxn ?

means the scalar times every entry of the matrix.

Example:

(13)

A 2 4 6
s:
¥ ole 4 2

Definition 8-Matrix multiplication. For two matrices A and B their

mxn pxq?

multiplication C_, =A, B, takes place only when n=p, and the entry in C,_ .

mxn pPxq

1s evaluated as

C,=> A,B, I<i<m, 1<j<q (14)
k=1
Example:
A - 1 2 3
2x3 T 3 2 1
2 1
B,,={3 2
) 15
4 3 (15)
f—
C A B - 20 14
2x2 T A RAx3T3x2 T 14 10
Note that matrix multiplication doesn’t commute
AB = BA (16)

Definition 9-Matrix transpose. For a matrix A its transpose is denoted as

mxn 2

AT

nxm *

Al=A1<i<m, 1<j<n (17)

N Tk
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Example:
A :‘1 2 3}
2x3 _3 2 1
= (18)
13
Agxzz 2 2
3

For the transpose of a matrix multiplication, the following identity holds

(AB)' =B"A" (19)
Example:
A - 1 2 3
2x3 T 3 2 1
2 1
B,,=(3 2
) 20
4 3 (20)
=

20 14
14 10

T
szz = (A2><3B3><2) = B§x3A3T><2 = {

Definition 10-Symmetric matrix. If a square matrix satisfies the following

condition, then it is called a symmetric matrix

A=A" (21)
Example:
1 23
A=|2 2 4 (22)
3 43

Definition 11-Skew-symmetric matrix. If a square matrix satisfies the following
condition, then it is called a skew-symmetric matrix

A=-A" (23)



Lecture 2 Mathematical preliminaries

Yanhui Jiang

Example:
0 -2 3
A=2 0 -4
-3 4 0

Definition 12-Determinant, minor, and cofactor of a square matrix.

For a 1% order square matrix, its determinant is defined as

A=[A]
-
detA=A,,

For a 2™ order square matrix, its determinant is defined as

All A12

= AI 1A22 - A12A21

21 22

d . . .
For a 3" order square matrix, its determinant is defined as

Ay AL, Ag
A= A21 Azz A23
Ay Ay Ay
=
Ay A, Ag
detA=|A, A, A,
Ay Ay, Ay

= A11A22A33 + A12A23A31 + A13A21A32
_A13A22A3| - AI 1A23A32 - A12A2|A33

For higher order square matrix A

nxn 2

24)

(25)

(26)

27)

its determinant could be evaluated by the

so-called Laplace expansion method recursively according to an arbitrary i-th row or

an arbitrary j-th column as following

detA=> A, C, => AC,
k=1 k=1

(28)
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where the component of the cofactor matrix C,_  1is defined as

C,=(-1)"M, (29)

ij ij
where the minor M;; corresponding to the A; is defined as the determinant of the

sub-matrix after eliminating the i-th row and j-th column of the matrix A__ .

Example:

EEN S I S

3
4 (30)
3

By Laplace expansion about the first row, one has

2 4
M,, = det =10
S
M,, =det =-6
2 2]
M,; =det =2
=
C, =(-1)"xM,, =-10 (1)

@
Il

b =(-1)"xM, =12
13 (_1)1+3 xM,; =6

@
Il

U

detA=1xC, +2xC,+3xC, =8
Definition 13-Adjoint and inverse of a square matrix. The adjoint matrix of a
square matrix A, could be evaluated by transposing the matrix of cofactors.
adjA =C" (32)

The inverse of a square matrix A could be evaluated as

A= adjA

= 33
det A (33)

Example:
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1 2 3
A=[2 2 4 (34)
3 4 3
Calculate all the minors
[2 4} {2 4} {2 2}
M,, =det =-10,M,, =det =-6,M,, =det =2
4 3 3 3 3 4
[2 3} {1 3} {1 2}
M,, =det =—-6,M,, =det =—-6,M,, =det =-2
14 3 3 3 3 4
2 3} {1 3} [1 2}
M;, = det =2,M,, =det =-2,M,, =det =-2
2 4 2 4 2 2
=
C, =(-1)"xM,, =-10,C,, = (-1)"" xM,, =6,C;, =(~1) " x M, =2
C, =(-1)"xM,, =6,C, =(~1)"" xM,, =—6,C,, =(~1)""xM,, =2
C31:(_1)3+1XM31:2’C32:(_1)3+2 M32:6’C33:(_1)3+3 M, =-2
=
-10 6 2
C=| 6 -6 2
2 2 =2
=
10 6 2 10 6 2 (33)
adiA=| 6 -6 2 ,A-‘:l 6 -6 2
2 2 =22 5l 2 o

Definition 15-Orthogonal matrix

A square matrix A is called orthogonal if it satisfies the following condition

A'=A"
or (36)
AAT=ATA=1

2.2 Solving a system of linear equations.
Suppose we have a system of linear equations
Ax=b 37)

where
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EE NI S I ]

2.2.1 Cofactor method
We directly use the result in Eq. (35).

. -10 6 2
14_l :§ 6 _6 2
2 2 2

~1/4
x=A"b=| 1/4
1/4

2.2.2 Cramer’s rule

Step 1: Evaluate the following determinants

1
detA =12

detA, =1

(0'%)
N S O LA

[a—

detA, =

[ —y

detA, =

W N = W o =

E-N SR \S)

Step 2: Evaluate the unknowns

detA, —-1/4
detA, |=| 1/4
detA, | | 1/4

X

- det A

2.2.3 Gaussian elimination

(38)

(39)

(40)

(41)
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Step 1: Construct an augmented matrix composed of A and b.

3 1
4 1 (42)
3

1
[A b]=|2
3 1

E-N S I S

Step 2: Produce an upper triangle matrix
Row 2-2*Row 1.

Row 3-3*Row 1

2 3 1
0 2 -2 -1 (43)
0 2 -6 2
Row 3-Row?2
2 3 1
0 -2 -2 -1 (44)
0 0 4 -1
Step 3: Back substitution.
X, =1/4
X, =[-1+(2)xx,]/(-2) =1/4 (45)

X, =1-3xx,—-2xx,=—1/4

So
X, —1/4
x=|x, [=| 1/4 (46)
X, 1/4

2.3 Integral relations (also known as Green formulae)

Integral of differential equations is essential in FEM during the derivation of the
corresponding weak form or functional. Herein, just list some useful relations, these
relations are known as Green formulae.

2.3.1 Integration by part.
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For brevity, consider the formula for two functions u and v of one independent
variable x

b du b b dv
. &de = [uv]‘a -] ud—de (47)

This could be understood by the well-known relationship

d du dv
—(uv) =—vVv+u—
dx dx dx

2.3.2 Gradient theorem.
The integral of the gradient of a scalar field over a domain is equal to the integral

of outer normal times the scalar field over the boundary of the domain.

jg VudV = jm nudA (48)

ndim
where V = Z —e, is the Nabla operator, ndim means the dimension of the space,

i=t OX;
and n denotes the unit outer normal direction.
2.3.3 Divergence theorem.

The integral of the divergence of a vector field over a domain is equal to the
integral of outer normal projection of the vector field over the boundary of the
domain.

J‘QV‘VdV= jmn-vdA (49)
2.3.4 Example (Integration by parts)

Suppose we are assigned to solve the following field problem

GE.dfzqu_xx 0<x<L
dx 2

BC. u(0)=0, u(L)=0

(50)

Solution procedure 1
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Step 1: Derive the weak form of the differential governing equation by

integration over the whole field domain with a test function v= Q(X) .

2 —
Ld—ljvdx:J-L—X(L X) vdx
0 dx 0 2
= (51)
d_uVL_ Ld_uﬂdX:J-Lx(L—x)VdX
dx |, ‘0 dxdx 0 2

Step 2: Construct a trial function U to approximate the solution u by a linear

combination of N basis functions that satisfy the boundary conditions

=g (52)

where ¢ ; are unknown constants called Ritz coefficients, and ¢ = q% (x) are basis
functions that are constructed according to the boundary conditions. For brevity,

herein, we consider two term approximation (i.e., N=2)

. [ 7x
¢1 = SIH(TJ
N2
¢, = xsm(T]

= (53)

ﬁzcl¢l+cz¢2
. X . X
=c¢,sin| — |+c,xsin| —
L L

Step 3: Introduce u~u into Eq. (51) and derive the system of 2 algebraic
equations by letting v=¢,1=1,2 respectively

For i=1, one has
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dﬁ L Ldﬁd¢ _ LX(L_X)
d—X¢1L -, o & -], — 5 Ak
= Apply B.C.
_J.Ld_ﬁ%dx :JLM¢]dX
0 dx dx 0 2
= Plug u=c,¢ +c,9, -
et red)a g px(tox)
0 dx dx ’ 2
s
(—IL%%deCI +(_J‘L%%dx]c2 = ILM@dX
0 dx dx ° dx dx : 2
For i=2, similarly, one has
dl_l L Ldﬁd¢ _ LX(L_X)
i B el
= Apply B.C.
Ldu d¢ _ LX(L_X)
R e
= Plug u=c¢,4 +c,4, )
N d(cd+e:dh)dg. rw@dx
0 dx dx ’ 2
-
ErnITTn
0 dx dx 0 dx dx 0 2

Step 4: Form a system of linear equations, evaluate integrals and solve for the

Ritz coefficients

_J-L%%dx _J-L%%dx jo(L—x)¢dX

0 dx dx 0 dx dx {cl R (56)
_(r44dg 4 dd e ] | prx(L-x)

IO dx dx dx IO dx dx dx Io 2 9:dx

Solution procedure 2
Step 1: Derive the variational form of the differential governing equation and
further the functional IT of the field variable by integration over the whole field

domain with a variation ou of the field variable, where & is known as the
13
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variation operator. ou is a new and independent field variable, but has a very small

perturbation/deviation from the function u.

j —5 dx = j @&de

L
(L
@é'u‘ _(rdu dé'u —jL—X X)5udx

——dx

dx 0 dx dx

= 57
du L X L x)

5{5j (dxj dx j —udx:l—O

=

1cifdu
H(u) = EJ.O [d_xj + X(L—x)udx
Note that 5u(x) = 5u(L) =0 is assumed and the differential operator and the

variation operator are interchangeable.

du_y i)
dx dx
=

o _du i) (dj
dx dx dx \dx dx

Step 2: This step is the same as the step 2 in the solution procedure 1.
Step 3: Derive the system of N algebraic equations by substituting Eq. (53) into

Eq. (57) as

H(cl,cz)_zj (‘;‘j +%c j +x(L—x)(de, +dc, )dx (58)

and applying the necessary conditions for minimization of the functional I(c j)
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an_, an_
oc, oc,
=
L—
il d6 ) X P
oc, *0 dx \ dx dx 2
L—
M_[dh [l 00 ) 20y, )
oc, dx \ dx dx 2
=
L—
[eadh g prasdd ] [pelon)
0 dx dx 0 dx dx {cl}z o2
T T A (= P
0 dx dx 0 dx dx 0 2

Step 4: Solve the system for the Ritz coefficients.
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Lecture 3 Energy method
3.1 Basic notions

Environment Loadings F

Boundary
conditions

Initial configuration Current configuration
Fig. 1

Definition-1 Configuration

As shown in Fig. 1, the configuration of a body is the set of positions of all its
constitutive particles. Usually, the initial configuration of a body is defined as the
field domain of interest denoted as €. Its boundary is denoted as 0Q that includes
the part 0Q,  for boundary conditions and the part 0Q. for loadings. A
displacement field u defined in the field domain leads to the current configuration
(deformed configuration) of the body.

x(X)=X+u(X),XeQ (1)

Definition-2 Work of external forces and external energy

The work of an external force F from environment acting through a displacement
field u in a physical body is also called the external energy, e.g, for a boundary
loading, the external work is written as

I, (u)= jm F-udA )

Note that a force is a vector, a displacement is a vector, and the work is defined as
1
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their inner product, which is a scalar.

Definition-3 Work of internal forces and internal energy(Strain energy)

The displacement field u in the body results in internal forces due to material
constitutive response. Similar to external forces, the work done by the internal forces
is called internal energy or strain energy, e.g., the work could be stored in the form

of strain energy as following

M, (u)=[ Wdv 3)

int
where W is a scalar function of the gradient of the displacement field u called strain
energy density.

Definition-4 Conservative system

If work done by external forces due to environment and internal forces due to
constitutive response of the body are independent of path from the initial
configuration to the current configuration, we say the system including the body and
the environment is a conservative system. That means there is no dissipation of energy,
and the level of potential energy of the system is totally determined by the
configuration of the body.

Definition-5 Quasi-static process

For a process of the configuration change of a body, if the velocity of all particles
in the body is nearly zero (i.e., the inertial force is negligible), the process is called
quasi-static.

3.2 Principle of stationary potential energy

For a conservative system in a quasi-static process, “Potential energy” point of
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view is an alternative of the “Free body diagram/Differential body” point of view for
system equilibrium analysis (i.e., static analysis). Sometimes, the ‘“Potential energy”
point of view is easier to apply to derive the governing equations and boundary
conditions for a field problem.

For a field problem arising from a conservative system in a quasi-static process,
the total potential energy (or simply called potential energy) IT of the system
could always be found by integrating differential governing equations by field
variations as shown in the previous lectures, or by the so-called potential energy
analysis).

In a potential energy analysis, the general form of the potential energy of a
conservative system in a quasi-static process usually takes the following form

H(u) =I1, (u) -I1_, (u) 4)

where Il is the internal energy of the body due to constitutive laws, I1_, is the

ext
external work done by the environment.

Unlike physicists, mathematicians prefer to use a more general term “functional”
instead of “potential energy”. They define functional as a scalar value function
contains integral of a field variable over a field domain, e.g., the line, area,
volume of interest.

For an admissible and equilibrium configuration defined by a displacement field
u, if vary the configuration by such an incremental displacement field Au=e&du,

where ¢ < is a very small scalar and ou is defined as a variation of the

displacement field (or called a virtual displacement field), which is required to be
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null(zero) at the boundary of the field domain, then the change of the total potential
energy therefore is stated as
AH(u+Au) =H(u+Au)—H(u) (5)

By using Taylor’s expansion in terms of the scalar & about 0, one has

H(u+55u)=H(u+55u)L_0+%:&;u)g=08+0(52) (6)
Introducing Eq. (6) into Eq. (5), one has
AH(U+85H)=M 6‘+O(82) (7)
de o

Since & <1, the higher order term 0(32) in the above equation is negligible. So,

the change of potential energy is dominated by the first order term, whose coefficient

is defined as the variation of the potential energy H(u) with respect to the variation

of the displacement field ou.

dIT(u+&bu)

S (u)[Su]= P

®)

=0

The principle of stationary potential energy states that the condition for an

equilibrium configuration should satisfy the following condition

éH(u)[é'u] =0 9)

This statement means, for an arbitrary variation of the displacement field ou, the
potential energy H(u) would not change, i.e., the potential energy is stationary.
Moreover, this means the body of interest is in an equilibrium configuration.
Therefore, once the potential energy is determined, the variational form of the
governing differential equations could be readily obtained by Eq. (8). In addition, the

equilibrium configuration could be achieved at the stationary point of the potential
4
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energy (minimum point, maximum point, or saddle point) by Eq. (9). When the
stationary point is a minimum point, the principle of stationary potential energy is also
called principle of minimum potential energy. In solid and structural mechanics, the
principle is also known as principle of virtual displacement/work.

It is noted that, for a system with finite degrees of freedom (e.g., N), Eq. (8) can
be written as

dIT(u+&bu)
de

=0
_ dIT(u, +&6u,,u, + £6u,,..., Uy +55uN)|
de

=0 (10)

{61‘[ u, +&0u,u, +&0u,,... uN+g§uN)5 ]
u.

=0

d(u, +&du,) 1
Thus, the principle of stationary potential energy could be stated as

Il
™M=

I
LN

uA

1

Il
™M=

an
ou,

i

= =0,i=12,.,N (11)

3.3 Total potential energy of a spring
As shown in Fig. 2, a spring is elastic and its stiffness is denoted as k. We use

energy method to find it equilibrium displacement u subject to an external force F.
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After energy analysis, the total potential energy of the spring is directly written as

H(u):%kuz —Fu (12)

The variation of the total potential energy with respect to the variation of the

displacement field is derived as

o1 (u)[Su]= dH(ud: edu)

=0

:%{%k(uhﬁu)z —F(u+g5u)}

(13)

=0
= [k(u + 8§u) ou-— F5u]
=(ku—F)éu

&=0

By the principle of stationary potential energy, one has the equilibrium equation

él—[(u)[éu] = (ku—F)é‘u =0
= (14)
ku—-F=0

Alternatively, since the system is discrete, if directly uses the derivative of the

potential energy, one has

—ku-F=0 (15)

We see that both methods are equivalent.

3.4 Total potential energy of a bar

As shown in Fig. 3, a bar is of length L, cross section area A, and Young’s
modulus E subjected to a distributed force F(x)=kx. We use energy method and

Rayleigh-Ritz method to approximate the equilibrium displacement field u(x).
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Fig. 3

The total potential energy of the bar is

M (u)= 1jLAE[d—“j2 dx - [ kxudx

dx
Construct a trial function as
u(x)=cx+c,x’

Plugging Eq. (17) into Eq. (16), one has
AE (L 2 L
I(c,,c,) :7'[0 (¢, +2¢,x) dx—.[0 c,kx* +c,kx’dx

The equilibrium condition is therefore derived as

dll(c,,c L L
(5011 2) - AEJ.O (Cl +202X)dX—I0 kc*dx =0
—81_1(01,02) = AEJ.L(C1 +202X)2XdX—ILkX3dX =0
oc, 0 ‘

Recast the system of linear equations in matrix form as

IOL dx J-0L2xdx {C]} IOkazdx
AE —

JOszdX I0L4X2dX C, ) IOLkX3dX

After evaluating the integrals, one has

L I EL3
AE ) {01}3

&~/

The solution to the linear system is

(16)

(17)

(18)

(19)

(20)

21
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7kL’
{Cl } _| 12AE 22)
c, kL
4AE

Introducing Eq. (22) into Eq. (17), one obtains an approximate solution to the bar

problem
2
ﬁ(x): 7KL x—£x2 (23)
12AE  4AE
Moreover, the tip displacement is given as
kL3
u(L)= 24
(L)=2.5 (24)

3.5 Total potential energy of a beam

X
y F(x)=kx

E I L

Fig. 4

As shown in Fig. 4, a beam is of length L, bending moment of inertial I, and

Young’s modulus E subjected to a distributed force F(x)=kx. We use energy method
and Rayleigh-Ritz method to approximate the equilibrium deflection field v(x).

The total potential energy of the beam is
1 avY " x
H(v)_EI0 Bl dx— | lxvdx (25)

Construct a trial function as

V(x)=cx’ +c,x’° (26)
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Plugging Eq. (26) into Eq. (25), one has
EI L 2 L 3 4
H(cl,cz):?jo (2¢, +6c,x) dx—J.O ¢ kx’ + ¢, kx*dx (27)

The equilibrium condition is therefore derived as

all Cl .c) EI.[ (2¢, +6¢,x)dx — J.OL kx’dx =0

(28)
oll(c,,
& = EIJ.L(2C1 +6¢,x ) 6xdx _Ika4dX =0
oc, 0 0
Recast the system of linear equations in matrix form as
IL4dx IL12xdx c J.ka3dx
Ell ° 0 { 1 } _|Jo (29)
L L 5 L 4
_[ 12xdx I 36x°dx |L™2 I kx"dx
0 0 0
After evaluating the integrals, one has
218
4L 6L7 || ¢
1 Il | I (30)
oL” 120 || ¢, ks
—L
5
The solution to the linear system is
3kl
c
1|_| 20EI 31
¢, | | 7k
120EI

Introducing Eq. (31) into Eq. (26), one obtains an approximate solution to the beam
problem

kL, 7k

V(x)= X" = X 32
(x) 20EI 120EI (32)
Moreover, the tip deflection is given as
5
V(L) 11kLC (33)
120EI
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Appendix: analogy for 1-D linear elastic structural members

In this course, the unknown field variable is chosen as the displacement field. For

1-D linear elastic structural members, the axial strain of a bar and the curvature of a

beam are related to the strain energy in a quadratic form that is similar to a spring.

Their corresponding stiffness parameters are introduced.

Constitutive variable Strain energy Parameter
Spring u (displacement) %ku2 k (spring stiffness)
Bar & = du/dx (axial strain) I OL % EAg’dx EA (axial stiffness)
Beam x = d*v/dx? (curvature) IOL % Elx*dx EI (bending stiffness)
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Lecture 4 Direct stiffness method (Spring system)
4.1 Example 1
Consider a system that consists of two springs in series subject to a force F as

shown in Fig. 1

I~ (s —
ky " K, ’L

The two springs has different stiffness denoted as k; and k,. The question here is to
find the equilibrium tip displacement.

Method 1: energy method

As before, we first try to use the energy method to solve this problem. The total

potential energy is

1 1
l‘[(ul,uz)zakluf+5k2(u2—u1)2—Fu2 (1)

Applying the principle of stationary potential energy, one has

61_[(111,112) =k1u1 —k2 (u2 _ul)zo

o @
oll(u,,u
#=kz(uz—ul)—F=0

Recast the linear system of equations in matrix form as

i
K, 2 LW F
Therefore, the displacement could be easily solved by inverting the stiffness matrix.

Method 2: direct stiffness method
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By observation, it is a natural thought to partition the system into two springs
since the two springs share similar elastic behavior except the stiffness value.
Therefore, it will be convenient to first construct a representative spring element as

shown in Fig. 2 and then apply this element when needed, just like a template.

fy f,
node 1 node 2
| T k u,
Fig. 2

For this representative spring element, one can also use the principal of stationary
potential to obtain the equilibrium relationship between the nodal displacement (i.c.,

u; and uy) and the nodal force (i.e., f; and f5).
1 2
H(ul,uz)zik(uz—ul) —fu, —f,u, 4)

Applying the principle of stationary potential energy, one has

oIl (u,,u,)
ou,

oIl (u,,u,)
ou,

=—k(u,-u,)-f, =0
(5)

=k(u2 —ul)—f2 =0
Recast the linear system of equations in matrix form as
k -kl u f,
= (6)
-k k ||u, f,

So far, we have obtained the stiffness matrix of a typical spring element. Next, let’s

apply it to solve the problem according to the following steps.
Step 1: Partition the spring system into pieces (elements), number the Elements

and number the Nodes shown in Fig. 3. Herein, the first Capital letter means global
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numbering in contrast to the elemental local numbering shown in Fig. 2)

Element 1 Element 2
\/

Step 2: apply the template spring element stiffness relationship Eq. (6).

ko —ku®| | £Y
ko ok |[q0 | |0 D
K 1wy f,

Similarly, for Element 2, one has

k, -k, Ju?] [
kK ok, ||4@] |¢@ ®
K 2 J|u;y f,

Herein, the superscript (" and ® represent element numbers. Note that the local node

For Element 1, one has

2 of the Element 1 is just the local node 1 of the Element 2 (i.e., the Node 2 in the
global numbering).
Step 3: By direct superposition of the local (elemental) stiffness matrices, one has

the global system of equations in a matrix form as

kK, k0 ]y £ £
-k, k+k, -k, ||u, |=][t"+£? =T, 9)
0 -k, k, ||u £ f,

Step 4: apply the boundary conditions to modify the global equation Eq. (9).

Introducing the boundary condition u, =0 into Eq.(9), one has the reduced

global system of equations
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{kﬁkz —kz}{uz}z{fz} (10)
-k, k, || u, f,
Step 5: apply the loadings to solve the global system of equations Eq. (10).
|:kl+k2 —kz}{uz}{o} an
-k, k, || us F
Obviously, Eq. (11) is just the same as Eq. (3). This means that the two methods lead
to the same results. It seems that the first method that has less analysis steps is better.
However, for computers, the second method is of more advantage since they are good
at doing repeating labor works once given a template.
4.2 Example 2

Consider a system that consists of two springs in series subject to a known

displacement A as shown in Fig. 4.

)
<)

VVYV

i

———
-
~—

"'VJ'VVV' VVVVVYY

I g

—
S—_—
—
S —
—
S
—_—
—

A
k

~
N

u
Fig. 4
The question here is to find the equilibrium displacement u and the reaction forces at
both ends.
Method 1: energy method
We first try to use the energy method to solve this problem. The total potential

energy is

H(u):%klu2+%kz(A—u)2 (12)

Applying the principle of stationary potential energy, one has
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—J=ku-k,(A-u)=0

= (13)

The magnitude of reaction forces at both ends are

Fleft :klu: klsz
k, +k, (14)
k,(1-k,)A
o =k, (A—u):M

k, +k,
Method 2: direct stiffness method
Just as the Steps 1-3 in Example 1, the difference is at the step 4 where boundary

conditions are applied. We have in this example that
k +k, -k, |l u, _ f, (15)
-k, k, || A f,

And by applying loading, one has

{kl +k, —kﬁ{uz} {0}
= (]6)
-k, k, || A f,

From Eq.(16), one can solve for

k,A
u=u, =
k, +k, (17
k,(1-k,)A
Fo =8 =
¢ k, +k,
and from Eq. (9), one has
k k,A
By = (18)
1+k2

Remarks:
From Example 1 and Example 2, we introduce the direct stiffness method and

compare it to the energy method. While the energy method is easy to apply when one
5
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uses hands to do computation, the direct stiffness where discretization is introduced is
more general and routine for computers. The procedure for the direct stiffness method
is summarized as following:

(1) Derive element stiffness matrix.

(2) Discretize the system into elements.

(3) Assemble element stiffness matrices to form system stiffness matrix.

(4) Apply boundary conditions and loadings to form equations.

(5) Solve equations.

4.3 Example 3

By this example, we further show the solution procedure of direct stiffness

method. This can be deemed as a prototype of the finite element method.

Next, we consider the example shown in Fig. 5.

Step 1: Partition the spring system into elements and do numbering shown in Fig.
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k; Element2

ky; Element3

Fig. 6

Step 2: Derive element equations.
ko -k Jul ] £
-k, ka0 [ £
{kz —kz} u? | £
-k, k, u(zz) fz(z)

For Element 1, one has
For Element 2, one has
For Element 3, one has

For Element 4, one has

k, -k Jfu?| | £
-k, k, Jul® | | @

Step 3: Assemble all element equations to form a global system of equations.

k, K, 0 0 w1 [f
—k, k+k,+k, -k,-k, 0 f,
0 —k,-k, k,+k;+k, -k, ||u| |f
0 0 K, k, |[u, | |f,

u,

Step 4: Apply boundary conditions

ki +k,+ky, -k, —k; [u,] [£
—k, -k, k,+k+k, ||u, | |f

7

(19)

(20)

21)

(22)

(23)

24)
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Step 5: Apply loadings and solve the equations
k +k,+k, -k,-k, ||u, _ E 25)
-k, -k, k,+k;+k, || u; F,
Step 6: Once the displacement unknowns at Node 2 and Node 3 are solved for by
Eq. (25), the magnitude of reaction forces at Node 1 and Node 4 could be evaluated

by Eq. (23)

fl = kluz

26
f, =k,u, (26)
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Lecture 5 Bar system

5.1 Stiffness matrix of a bar element in 1-D space

node 1 AE L node 2
fl f2
—> —>
U, u,
Fig. 1

Consider the bar element as shown in Fig. 1. For this representative bar element,
its total potential energy is

L1 duY
H(u): . EEA(&j dx—fu, —fu, (1)

Since we are given the following conditions

X, =0, u(x,)=y, )
X, =L, u(x,)=u,
a linear polynomial is adopted to approximate the displacement field
u(x)=U(x)=c,+cx 3)
Introducing Eq.(2) into Eq. (3) gives rise to
u(0)=c,+c,0=u
e @
So,
C, =1,
Plugging Eq. (5) back to Eq. (3), one has
T(x)=u, +—2—1x (6)

Furthermore, Eq. (6) could be re-arranged in the following form
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_ L-
u(X): LXu1+%u2:N1(X)u1+N2 (X)uz (7

where N, (x) and N,(x) are called shape functions of the bar element with

respect to the degree of freedom u, and u,, respectively. It can be shown that

N, (x)+N, (x)=1

8
N;(x,)=6,,i=12j=12 ®
where ¢ 1is the Kronecker delta defined as
1, if i5
O5=v. ... . )
0,ifi1#]

So far, we can introduce Eq. (7) into Eq. (1) to obtain the approximated total
potential energy

2
[%ul+%uzj dx —fu, —fu, (10)

Ll
H(upuz):J.O EEA dx dx

and further apply the principle of stationary potential energy

I
2 u"u2 = [ EA LS L T
dx dx an
o (u,u,)
0. [dN L
X X

Recast the linear system of equations in matrix form as

J‘ EAdN le J‘ EAdN dN N 4«

dx dx dx dx |:u1:|:{fl:| (12)
J- EAdN szd dN, dN, AN, 4 f,

dx dx dx dx

Evaluate the integrals

EA| 1 —1jlu | |f
R NsH e

So far, we have obtained the stiffness matrix of a typical bar element.

5.2 Stiffness matrix of a bar element in 2D space
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\ vy \
N\ Y
w, K
s | - U
node 2
AE L
1 Vl \ \ N
NN 3 KY Y
S A ®. R
,t \\\ ’ e X
. u, N
node 1
Fig. 2

By coordinate transformation for the nodal displacement as shown in Fig. 2, one

has the following relationship

u; =cosfu, +sin v,
v, =—sinfu, +cos Ov,
u, =cosfu, +sinbv,

v, =—sinfu, +cosbv,

= (14)
u; C S 0 0y,
v -S C 0 0}y,
w | o o Sy,
A 0 0 =S C||v,

where C stands for cos@ and S stands for sin@. Similarly, for the nodal forces as

shown in Fig. 3
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) fu1 )
v w3¥
w, A
I—a fia
AEL node 2
. g \
5 l—f”?\ ‘:\ y 7"'
» e X
node 1
Fig. 3
one has the following relationship
|, =cosOf , +sinbf,,
!, =—sin6f,, +cosbf,,
t', =cosbf , +sinbf,
), =—sin6f , +cosbf,,
= (15)
f C S 0 0}f,
f.] |-S € 0 0}f,
fo1 0o 0 C S|f,
£, 0 0 -S CJ||f,

In addition, in the new coordinate system after rotation transformation, form Eq.

(13), we know the stiffness matrix of a typical bar element could be recast as

I 0 -1 0fu )
0 0 0 Ofw f!
EA Vj =V (16)
L|{-1 0 1 Ofu, t,
0 0 0 0fV, f),
By introducing Eq. (14) and Eq. (15) into Eq. (16), one has
1 0 -1 0fJ]C S 0 Ofuy, C S 0 0}f,
EA|O0 0 0 O}|-S C 0 Ofv,| |-S C 0 0}f, (17)
Li-1 0 1 0[/0 0 C S|ul| |0 0 C s|f,
0 0 0 00 O =S Cjlv, 0 0 -S C||f,
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Note that
c s o o0]fcC
S C 0 0]]-S
0 0 C S||o
0 0 -S C
So,
c s o o0]1 0 -1 0
EAl-S C 0 0/|/0 0 0 O
L0 0 S|t 0 -1 0
0 0 -S Cl|l|loo0 0 0

S © 0O w»n
o

|
wn
S © O wn

=1

O »n o o

O o

-S

4x4

0
0
S
C

(18)

U, £
Vl fVI
= (19)
uZ fu2
V2 fv2

Furthermore, one has the stiffness matrix for an inclined bar element in 2D space

c: Ccs -C
EA| CS §* —CS
L|-C —cs

cS -§* CS

-CS || u,
-S* || v,
CS || u,
S* || v,

5.3 Stress in a bar element in 2D space

According to the definition of stress

ot
A
By Eq.(17), one has
£ 1 0 -1 0] Cu,+Sv,
fi,| EA| 0 0 0 Of —Su+Cv, | EA
f| L|-1 0 1 0| Cu,+Sv, | L
f), 0 0 0 OJ-Su,+Cyv,

Therefore, the stress could be evaluated as

(20)
21)
Cu, +Sv, —Cu, —Syv,
0
(22)
—Cu, —=Sv, +Cu, +Sv,
0
(23)

o= %(—Cu1 —Sv, +Cu, +Sv,)

5.4 Bar system in 2D space

A bar system in 2D space is also called a plane truss.

5.4.1 Example 1
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F

Node 3
Element 3
\/ZA, E, V2L Element 2
AE L
Node 1 Node 2
Element 1 W&W\
AE L
Fig. 4

Consider the plane truss shown in Fig. 4. Find the nodal displacement and stress
distribution.
Step 1: Loop elements to evaluate element stiffness matrices

Element 1: Calculate direction cosines

=0
= (24)
C=cosf=1
S=sin@=0
Evaluate element stiffness matrix
1 0 -1 O
0O 0 0 O
L{-1 0 1 0
0O 0 0 O
Element 2: Calculate direction cosines
0=90°
= (26)
C=cosf=0
S=sinf=1

Evaluate element stiffness matrix
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0O 0 0 O
0O 1 0 -1
% (27)
L0 0 0 O
0 -1 0 1
Element 3: Calculate direction cosines
0 =45°
= 28
C=cosf= \E / 2 @8
S=sinf=42 / 2
Evaluate element stiffness matrix
/2 12 -1/2 -1/2
E 2  1/2 -1/2 -1/2

L|-1/2 -2 12 12
—1/2 -12 12 12

Step 2: Assemble element stiffness matrix directly and loading vectors to form

system equations

[1+1/2 1/2 -1 0 -1/2 -1/27[u, ] [0
1/2 /2 0 0 -1/2 =12 |v, 0
EA| -1 0 1 0 0 0 u 0
-2 2= (30)
L 0 0 0 1 0 -1 v, 0
-1/2 =12 0 0 1/2 1/2 || u, F
-2 =12 0 -1 12 1+1/2)|v,| [O]
Step 3: Apply boundary conditions to reduce the system of equations
Since we have known that at the boundaries
v,=u,=v,=0 (31)

The reduced system of equations is
32 -12 -1/27y,

0
EAVLip 2 12 ||, || F (32)
“12 12 32 ||v,| |0
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Step 4: Solve the system of equations

w1 1 1 o] o FL/EA
u, |=|1 4 -1||FL/EA |=|4FL/EA (33)
v,| |0 -1 1 0 ~FL/EA

Step 5: Compute the stress in each element

Element 1: where C and S are computed in Step 1 correspondingly.

o, =%(—Cu1 —Sv, +Cu, +SV2)=—£ (34)

Element 2: where C and S are computed in Step 1 correspondingly.

o, = %(—Cu2 —Sv, +Cu, +Sv;) = —£ (35)

Element 3: where C and S are computed in Step 1 correspondingly.

E 2F
o, = E(—Cu1 —Sv, +Cu; +Sv, ) N (36)
5.4.2 Example 2
— AT
k=EA/L
Element 1
\/ZA, E, V2L Element 2
AEL
Node 1 Node 2

A

Fig. 5
Consider the plane truss shown in Fig. 5. Find the nodal displacement and stress
distribution.

Step 1: Loop elements to evaluate element stiffness matrices
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Element 1: Calculate direction cosines

0 =45°
- (37)
C=cosf= \E / 2
S=sinf=42 / 2
Evaluate element stiffness matrix
/2 12 -1/2 -1/2
EA| 1/2  1/2 -1/2 -1/2
— (38)
L |-1/2 =12 12 1/2
-1/2 -1/2 1/2 1/)2
Element 2: Calculate direction cosines
0=90°
- (39)
C=cosf=0
S=sinf=1
Evaluate element stiffness matrix
0O 0 0 O
0O 1 0 -1
% (40)
L0 0 0 O
0 -1 0 1
Spring element:
W 1! (41)
-1 1

Step 2: Assemble element stiffness matrix directly and loading vectors to form

system equations
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12 1/2 0 0 -1/2 ~1/2 |[u, ] [0]
/2 1/2 0 0 -1/2 -1/2 || v, 0
EA| O 0 0 O 0 0 u 0
— = (42)
L| O 0 0 1 0 -1 |lv, 0
-1/2 -1/2 0 0 1/2+kL/EA 1/2 || u, F
-1/2 -1/2 0 -1 1/2 1+1/2 [ vy | O]
Step 3: Apply boundary conditions to reduce the system of equations
Since we have known that at the boundaries
u=v,=u,=v,=0 (43)
The reduced system of equations is
EA|3/2 1/2||u F
L |1/2 3/2] v, 0
Step 4: Solve the system of equations
u; | | 075 025 FL/EA B 3FL/4EA 45)
v,| |-025 0.75 0 | |-FL/4EA
Step 5: Compute the stress in each element
Element 1: where C and S are computed in Step 1 correspondingly.
o, = E (—Cu, —Sv, +Cu, +Sv, ) (46)
V2L
Element 2: where C and S are computed in Step 1 correspondingly.
E
=T (=Cu, —Sv, +Cu, +Sv,) (47)
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Lecture 6 Beam system

6.1 Stiffness matrix of a (Euler) beam element in 2-D space

v Vs
(1)1 E 1L f’j)
b,
°
o}
node 1 node 2
fvl va
E, I, L
®
node 1 node 2

Fig. 1
Consider the beam element as shown in Fig. 1. For this representative beam

element, its total potential energy is

Ll dvY
I(u)= Io EEI [@j dx —f,,v, =f,,v, =M —M, 4, (1)

Since we are given the following conditions

x, =0, V(Xl)=Vl
@

2)

a cubic polynomial is adopted to approximate the displacement field
v(x) = V(x)=c, +cx+¢,x° +,x° (3)

Introducing Eq.(2) into Eq. (3) gives rise to

v(0)=c,+¢,0+¢,0+¢c,0=v,

dv/dx(0)=c, +¢c,0+c,0=4¢
V(L)=c,+cL+c,?+c,L’ =v,
dv/dx (L) =c¢, +2¢,L+3c,l” = ¢,

4

1
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So,

Cy =V,

¢, =4

=

{Lz Lsz}{cz}z{vz—vl—qﬁlﬂ )

2L 3L [ ¢ ¢2_¢1

=

e, =2 (va v AL (g, g1 ] 20200

SETIAREE A ¢ >, 9 T L
1 2 g, +4 2(V,—V

C3:F[(¢2_¢I)L _(Vz_V1_¢|L)2L:|: e - (L3 )

Plugging Eq. (5) back to Eq. (3), one has

u(x)=v, +¢%x+{3(V2LZ_VI)—Z¢IE¢2}XZ {(éz;ﬂ —2(V13_V1)}x3 (6)

Furthermore, Eq. (6) could be re-arranged in the following form
— 3x* 2x° 2x* %’
V(X):(I_F+Fjvl+(x_ L +§j¢l

3x* 2x° x> X
*(7‘?}2*[‘??]% @

=N, (X)Vl +N, (X)¢1 +N; (X)VZ +N, (X)¢2

where N,(x), N,(x), N;(x) and N,(x) are called shape functions of the
beam element with respect to the degree of freedom v,, ¢, v, and ¢, ,
respectively.

Evaluate the derivatives of Eq. (7)

dv 6x 6%x° 4x  3x°
d_x(x): IR M T
(8)

and
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)

Introduce Eq. (9) into Eq. (1) to obtain the approximated total potential energy

2
L] d*v
H(V1:¢13V2»¢2) = _[0 EEI[g) dx—f,v,—f,v,-M,4 —M,9,

6 12x 4 6x), [
a T T e
:J' il o) | dx (10)
02 6 12x 26X
Qe )etlnte)t
v, —f,v, - M4 —M, 4,

Apply the principle of stationary potential energy

(6 12x 4 6x), |
ar o (T UTTE 6
_=J. EI (——2+—3jdx—fv1=0
ov, 0 6 12x 2 6x L

e ) rte )

(6 12x 4 6x), |

el AT e e 4
ol I’ L L L 4 6x
—:j 2+ 22 ldx—M, =0
og, 0 6 12x 2 6x L

e ) )t

(6 12x 4 6x), |

——2+—3 V1+ ——+—2 ¢1

ol L L L L 6 12x
=1, B =~ |dx £, =0
ov, 9o 6 12x 2 6 I’ L

e )l )

6 12x 4 6xY, |
ar o T 2 e
_:J' EI -~ +— |dx—-M, =0
op, 0 6 12x 2 6x L L

VT e WA e an

Evaluate the integrals and recast the equations in matrix form

EI| 6L 41" -6L 207 || 4 | | M,
’'|-12 -6L 12 -6L||v, i
6L 27 -6L 4L’ |4, | |M

12 6L 12 6L \/] fVl
12

2

3
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So far, we have obtained the stiffness matrix of a typical beam element.
6.2 Equivalent nodal force/moment for distributed loads
For an arbitrary distributed force on the beam, its equivalent nodal force/moment
could be evaluated by work equivalent
L
IO V(X)W(X)dx =f,v,+f,v, +M,¢ +M,¢, (13)

where we use the approximated displacement field from Eq. (7). For example,

wix)=w

L1 1 ]

4 node 1 ELL node 2
X
fvl ﬂ va

node 1 node 2

Fig. 2

As shown in Fig. 2, we consider a constant distributed load. Its nodal equivalent

X Xj¢1

force is determined as
L_ Lo 3x* 2x
IO v(x)wdx :(WJ‘O I—F dxjv1 (WI
L3x? 2x
+(WJO F——dXJVZ ( J' —I+FdXJ¢2

Therefore,

(14)
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Lo 3x* 2%’ wL

Lo T e
2 2 3 2

M, =w_[ X—L+X—2dx= wL
L L 12

(15)

AE I L

Fig. 3
By coordinate transformation for the nodal displacement as shown in Fig. 3, one

has the following relationship
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u; =cosfu, +sin v,
v, =—sinfu, +cos v,
¢1’ =4
u), =cosfu, +sin v,

v, =—sinfu, +cos v,

¢2’:¢2
= (16)
‘w] [C S 0 0 0 0fu] [y, |
v, -S C 0 0 0 0}, v,
¢'_001000¢1_T‘¢1
u) 0 00 C S Ofu,| *|u,
A 0 0 0 -S C 0}lv, v,
(&1 L0 0 0 0 0 1][4 K

where C stands for cos@ and S stands for sin@. Similarly, for the nodal forces as

shown in Fig. 4

AELL

Fig. 4

one has the following relationship
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£l

’
fu 2

=

ul
£
M,
flo
£
M;

Fp T

=cosOf , +sinOf

!, =—sinOf, +cosbf,,

M| =M,

=cosOf , +sinOf ,

fl, =—sin6f , +cosbf,

M, =M,
'C S 0 0
S C 0 0
0 01 0
1o 0 0 C
0 0 0 -S
0 00 0

—_ o O O O O

S OO rn © © ©
<
S

_Z o

h

=T

6x6

Z o

h

=

(17)

In addition, in the new coordinate system after rotation transformation, form Eq.

(12), we know the stiffness matrix of a typical beam element could be recast as

EI

0 0 0 0
0 12 6L 0
0 6L 41 0
0 0 0 0
0 -12 —6L 0
0 6L 21’ 0

By introducing Eq. (16) and Eq. (17) into Eq.

0
0
E 0
Lo
0
0
Note that
So,

0 0 0 O
12 6L 0 -12
6L 4L 0 -6L

0 0 0 O

-12 -6L 0 12
6L 2I° 0 -6L

0

0
6L
217

0
6L
4r’

T
£
M,
flo
£
M;

(18), one has

-T,

6x6

T
T6><6 'T6x6 = I6><6

Kz

w,
vy
&
u,

v,

=T

6x6

(18)

(19)

(20)
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0O 0 0 0 0 0 ul [t

0 12 6L 0 -12 6L v | |t

EI|0 6L 412 0 —-6L 2L’ 4| |Mm,
“Tlo o o o o o/ % w| | £, 1)

0 -12 6L 0 12 -6L v,| |f,

0 6L 217 0 —6L 4| |g | |M,]

Furthermore, one has the stiffness matrix for an inclined beam element in 2D space

1287 —12SC —-6LS -12§8* 12SC —6LS|[u, | [f,
12C*  6LC 12SC -12C* 6LC || v, f,

EI 4 6LS  —6LC 2L’ || 4| _|M )
|5 128 -12SC  6LS ||u, | |f,
12C —6LS||v,| | f.,
| Sym a7 || 4| M, ]

where ‘Sym’ means symmetry about the diagonal.
6.4 Stiffness matrix of an inclined column-beam element in 2-D space
If we take the bar element and beam element together into consideration, then in

the rotated coordinate system, one has

C, 0 0 -C, 0 0 [u] [f]
0 12¢, 6LC, 0 -12C, 6LC, ||Vv| |f,
0 6LC, 4I’C, 0 -6LC, 2L°C, || ¢/ | |M] 23)
-C, 0 0 C 0 0 |[u,| |f,
0 -12C¢, -6LC, 0 12C, -6LC,||Vv,| |f.,
| 0 6LC, 2I’C, 0 -6LC, 4LC, | ¢ | [M,]
where
EA El
o Bk Cz=E (24)

By using transformation relationships Eq. (16) and Eq. (17), one has
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C, 0 0o -C 0 0 u | [f,
12C, 6LC, 0 -12C, 6LC, v | | £,
T 6LC, 4LI’C, 0 -6LC, 2I°C, T 4| _|M, 25)
-C, 0 0 C, 0 0 u, | | f,
0 -12C, -6LC, 0 12C, -6LC, v, | | f,
i 6LC, 2I’C, 0 —6LC, 4L’C,| |4 | |M,]

After evaluating the matrix multiplications, one has the stiffness matrix for an

inclined column-beam element in 2D space

act+ 2l (A—g)cs 9y _(Acu%sz) —(A—%)CS s
L L L L L L
wwrllle de (4B (e 20 d
L L L L L
E 41 oy Ye 21 || (20
L L L
Ac2+gs2 (A—%)CS 9y
L
as+ e e
L
| Sym ar |

where ‘Sym’ means symmetry about the diagonal.

MATLAB code

syms C S L EATI

T=[C S ;
-S C ;

1
TT=transpose (T) ;

K=[ ;
*T, - *1,;
*T, *T,A 6%, *T A ;
’
- —-6%*T, —6%1,;
*T, Dk A —-6*L 4*LA2]Y;

K=E*I/LA3*K;
K(1,1)=E*A/L;
K(4,4)=E*A/L;



Lecture 6 Beam system Yanhui Jiang

K( ’ )=_E*A/L;
K(4,1)=-E*A/L;
K new=TT*K*T

6.5 Beam system in 2D space

A beam system in 2D space is also called a plane frame.

6.5.1 Example 1

L |

a Node 1 Node 2

Element 1 Element 2 Node 3
E, I, L E 1L

Fig. 5
Consider the plane frame shown in Fig. 5. Find the nodal displacements and
slopes

Step 1: Loop elements

Element 1:
12 6L —12 6LV | [£0]
EI| 6L 40" —6L 20 || 4" | MY .
Cl-12 6L 12 —6L||y0 || 0 @7)
2 v2
6L 2L —6L 4L || s | | M
L2 1 b -
Element 2:
12 6L —12 6LV | [£2]
6L 41> —6L 217 [|4?| |M®
EI 47| _| M 28)

|12 6L 12 —6L|[y@ | | @
6L 2I7 —6L 41’ 49| [MP
L9 ]

Step 2: Assemble element stiffness matrix directly and loading vectors to form

system equations
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(12 6L ~12 6L 0 0 |[v, 0
6L 4L’ —6L 217 0 0 | 4 0
EI|-12 -6L 12+12 -6L+6L -12 6L ||v, B 0 29)
L’| 6L 217 —-6L+6L 4174417 -6L 2I° o, )
0 0 -12 —6L 12 —6L || v, -F
| 0 0 6L 217 —6L 4L2__¢3_ | 0
Step 3: Apply boundary conditions to reduce the system of equations
Since we have known that at the boundaries
v,=¢=v,=0 (30)
The reduced system of equations is
81> —6L 21> |[¢,] [0
E—f 6L 12 —6L||v,|=|-F (31)
L
217 —6L 4L’ || 4 0
Step 4: Solve the system of equations
11 1] | LF |
417 4L 417 0 4El
% 1t 7 3 TUF
A EEE (32)
EI| 4L 12 4L 0 12FEI
Al 3 s SUF
| 417 4L 417 | AEI
MATLAB code
syms L
K=[ *LA r = *Lr *LA ;
- *Lr 7 - *L;
*LA r = *Lr *LA ];
inv (K)

6.5.2 Example 2
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I,

F
Node 3 1

g Node 1 Node 2
g Element 1 Element 2 Element3
E I, L E L k=EI/L?
Node 4
Fig. 6

Consider the plane truss shown in Fig. 6. Find the nodal displacement and stress

distribution.

Step 1: Loop elements

Element 1:
12
EI| 6L
L’ -12
6L
Element 2:
12
EI| 6L
L’ -12
6L

Spring element:

6L -12 6L v | [£V
arr —6L 20 || 4" | MY )
—6L 12 —6L||\0 | | £0
2L° 6L 417 [l 40 | | MY |
6L —12 6L v | [£®
arr —6L 20 || 47| |MP G4
—6L 12 6L ||y | | £
2 -6L 4L o | MY
| —1[v® £0)
) b
v2

Step 2: Assemble element stiffness matrix directly and loading vectors to form

system equations
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12 6L -12 6L 0 0 0]v 0
6L 4L’ —6L 217 0 0 0| ¢ 0
- 12 —-6L 12+12 —6L+6L -12 6L O ||v, 0
—|6L 217 —6L+6L 4L7+4L —-6L 2L 0 | ¢, |=| 0 (36)
L
0 0 —-12 —6L 12+1 —-6L —1|| v, —-F
0 0 6L 217 —6L 417 0 || ¢, 0
| 0 0 0 0 -1 0 I lvy] [ O]
Step 3: Apply boundary conditions to reduce the system of equations
Since we have known that at the boundaries
vi=¢=v,=v,=0 (37)

The reduced system of equations is

8L’ -6L 2L |[ ¢, 0
E—3I —-6L 13 —6L || v, |=|-F (38)
217 —6L 4L’ || 4 0

Step 4: Solve the system of equations

4 3 5] |_3LF |
p 1917 19L 38L° 0 19EI
I 12| 3 7 9 TL°F
v, |[=—| — — — ||-F|=|- (39)
EI| 1I9L 19 19L 0 19EI
2 5 9 17 _9L2F
| 3817 19L 19L° | 19EI
MATLAB code
syms L
K=[ *LA r = *Lr *LA ;
- *Lr 7 - *L;
*LA r = *Lr *1,A ];

inv (K)
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Lecture 7 Linear elasticity

In the previous lectures, we have learnt the basic idea about the finite element
method in terms of the spring system, bar system, and beam system. We see that there
is a standard procedure to derive the element stiffness matrix based on energy method
and a standard procedure to discretize and assemble the system of interest. The spring
element, the bar element, and the beam element introduced there are all called
structural elements, where simplified kinematic models are assumed for solids with
special shapes. From this lecture on, we will learn continuum elements for solids
with arbitrary shapes. Since Hooke’s linear elastic model is the simplest material
model for a continuum solid, in this lecture, we will talk about it first.

7.1 Global coordinate system

A global coordinate system is required to record the position of a particle, or the
configuration of a body in a finite element analysis. For example, in a 3D space, a
rectangular Cartesian coordinate is usually built by defining three orthogonal basis

vectors and a fixed origin
1 0 0
e,=|0e,=/1]e=|0 (1)
0 0 1

7.2 Displacement field
When a body is subject to external forces, the particle inside the body would
move in a translational or rotational manner to occupy a new position. If we denote

the initial position of the particle as



Lecture 7 Linear elasticity Yanhui Jiang

X=X, ®)
and the current position as

X=X, 3)

u=x-X=|u, 4)

For all the particles in the body, a displacement field is formed with respect to the
initial configuration €, of the body.
u=0(X), XeQ, ©)

In addition, the current configuration that comprises the deformed positions of all the
particles is denoted by Q..

7.3 (Small/Engineering) strain field

For a differential line dX in the initial configuration, it deforms to a differential
line dx in the current configuration. Then, the deformation of the differential line
could be described by the displacement gradient

dx:%dX:(Ha—ujdX:(H?u)dX (6)
X X

where the gradient of the displacement field is defined as
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ou, ou, ou,
oX, 0X, 0X,
Ty _0u _|du, odu, au, 7)
oX | 0X, 0OX, OX,
ou, oOu, Ou,
| OX, 0X, OX,|

Note that §*=% is defined in the initial configuration.

The arc-length or the norm of the differential line in the current configuration is

dl = Jox| = VaTax = dX" (1+9u)’ (1+7u)dx

=

— \T —

dl = \/dXT [I +Vu +(§U)T +(Vu) Vu}dx

dl :\/ + [?u+(?u)1 + (?u)T Vu (8)
dlz\/ + [?u +(§U)T} + (?u)T Vu

dl = \/ + [?u +(§U)TJ + (?u)T Vu
where dX =|dX||n=dLn, n is the unit vector along the direction of dX.
In this course, we assume the norm of the gradient of the displacement field is a

small value, i.e.,

[Vu-dx|

=max|Vu-n|<«1 VdXeR? 9)
[ax] ” ” €

[7u] = max

Thus, the 2" order and higher order terms in Eq. (8) could be neglected



Lecture 7 Linear elasticity Yanhui Jiang

=
Tu +(Vu) |
dl = + = = (10)
2
=

_di- [§u+(§u)T]

& =—"=
2

From Eq. (10), one could evaluate the strain ¢, along an arbitrary direction n

when a small strain field is introduced as

[?u +(§u)TJ
2

&=
o tfow ou) 1fou du )
oX, 2\ 0X, 0OX; 2\ 0X, OX|
afa ), (e, o a
2\ 0X, 0OX; oX, 2\ 0X, OX,
1{ ou, N ou; | 1 ou, N ou, ou,
_2 0X, 0OX, 2\ 0X,; OX, oX, |
_811 €n &3
=18y 8pn &y
| €31 €3 E33

We notice that € is symmetric. A standard eigenvalue analysis could be
performed to find its principal strains A° and corresponding principal directions n?.
£-n° =\°n° (12)

In addition, there are only six independent components. So, for convenience of

computation, a strain vector is usually introduced as
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ou,
oX,
au,
[ g 17T € i oX,
g, €, ou,
g oX
- €3 _ €33 _ 3 (13)
Y12 2g,, ou, " ou,
Yis 2¢,, oX, 0X,
| Vas | [ 285 %4_%
o0X, 0OX;
au, N ou,
| OX,  OX, |

where &, &, and &, are called direct components of the strain vector and y,,,
7,; and y,, are shear components of the strain vector.

In linear elasticity, the small/engineering strain defined in the initial configuration
is adopted as the strain measure.

7.4 (Cauchy) stress field

We already know the definition of stress for 1D case, i.e., force per unit area.
Herein, we generalize the definition to 3D case.

In the current configuration, consider a differential surface whose area is denoted

as da and whose unit normal direction is denoted as

n=\n, (14)

Note that |n||=+/n+n2+n3 =1. The differential surface in 3D space is therefore

defined as

(15)

Consider a traction (i.e., force per the differential area) that is imposed on the
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differential surface
t=|t, (16)

The force in 3D space is therefore defined as

(17)

We define stress for the 3D case as

0= g (18)

Then, a relationship between the traction and the unit normal direction could be

derived as
t=0'n (19)

It is apparent that stress could be written in a matrix form as

G11 O O
6 =103 O Oy (20)

O3 Oz Og
Consider a body that is subject to surface traction in the current configuration.

(1) Force balance requires that

tda=0

t

t

Juo

=

LQ ¢-nda=0
= (21)
J.Qt 6-Vdv=0

=

¢-V=0

Note that V*= ? is defined in the current configuration.
X

(2) Moment balance requires that
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xxtda=0

oQ,

=

I Xxo6-nda=0
a0,

=
J.QI(XXG)-VCIVIO
=

Gz =0y
IQ G35 — Oy dv+fQ Xxo-Vdv=0
t t

G, —03, =0 (22)
=
GT =0

From Eqg. (22), we know that the stress matrix is symmetric. Similar to the eigenvalue
analysis of a strain matrix, a standard eigenvalue analysis could be performed as
following

6-n°=\1°n° (23)
where A° and n° denote a principal stresses and its corresponding principal
direction, respectively.

In practice, for convenience of computation, a stress vector is usually introduced

as
G, Gy
G, Gy
c o
- 3 3
6= = (24)
T Gy
T3 O3
| o3| |92

where &,, 6, and &, are called the direct components of the stress vector and
7
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7,, T3 and 7,, arethe shear components of the stress vector.

In linear elasticity, the Cauchy stress that defined in the current configuration is
adopted as the stress measure. Nevertheless, when the small strain assumption holds,
it is applicable.

7.5 Hooke’s law (Linear elasticity)

The Hooke’s law defines a linear relationship between the stress components and

strain components for an isotropic linear elastic material.

=0 % S
E E E
E E E
§3=%—v%—v%
(25)
1
Y12=6T12
1
Y13 G
1
Y23 G 3

where E is called Young’s modulus, v is called Poisson’s ratio, and G is called
shear modulus defined as

G= E
2(1+v)

(26)

They are all material parameters. It could be written in the matrix form as
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1Y Y 0 o0
E E E

A T A
E E E

L XX

€= L 6=Co (27)
0 0 0O — 0 O
G
0 0 0 O 1 0
G

0 0 0O 0 O i
L G

where C is called compliance matrix, which is symmetric and positive definite.
Alternatively, from Eq. (27), one has
6 =Dg (28)

where D=C™ is called stiffness matrix, which is also symmetric.

20+ A A 0 0O
A 2u+A A 0 0O
A A 2u+x 0 0 O
D= H (29)
0 0 0 p 0 0
0 0 0 O np O
0 0 0 0 0 pj
where p and A are called Lame constants.
2(1+v)
(30)
3 Ev
(1+ v)(l— 2v)
7.6 Total potential energy of a linear elastic body
The strain energy density for a Hooke material is introduced as
w=lss-teps (31)
2 2

The internal energy of the body is written as
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~ L
I, = jgo wdV = jQO &' DEdV (32)
The external energy of the body is written as
I, = jﬁg u"tdA + jg u"fdVv (33)
where t is the surface traction vector and f is the body force vector.

So, the total potential energy is written as

H(U) =11y (u)_Hext (u)

(34)
= 1éTDédV—j uTtdA - [ uTfdV
Q, 2 0Q, Qq
Applying the principle of stationary potential energy, one has
_ <TNa T T _
art(u)[su]= [, se"DEAV [ su'tdA-[ su'fdv =0 (35)

Appendix
Method 1
0
(Xxo)-V = (xjej X G e, ®el)-a—em
Xm
= (giijijl ),| €;
= & X018 t & X108,
= Sijkajlcklei
= €046
= (632 —Oy )el + (513 - G31)62 + (021 —Op, )63
Method 2

10
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0
oX
1
0 X, X, ||oy O Oy
B 0
(XXG)'V = X3 0 _Xl Gy Oy Oy 87
2
=X, X 0 ||os O3 Oy
0
| OX, |
0
- 0X,
0 X3+ 03X,  —0pX3+05X,  —0,3X;+ 053X, 5
=| 0 X; 05X, G, X3 —OgXy G13X3 —Og3X; ox
2
| 701X, 70 X; =0 X, 03X, —0p5X; + 555X, 5
OX,4

=0 11X3 1+ O0311X; =0, X3+ 05, X, + G35 = Op33X3 = Op3 + O333X,
=| Oy11X3 = Og13X; = O3y + 0y ;X3 =GOy, X + 033 3X5 + G153 = Og3 3%

| 7O111X5 1 0311X; + G051 =01y ,X; =0y TG0y pX; = Oy33X; + 033X

—G511X3 — 0y ,X3 —Op33X; O311X; T 055 ,X; + 035 5X, G3; = O3

=| 7O311X; — O3 ,X; —O333X; || O131X3+ Oy ,X5 +0p53X; | +| O3~ Oy

| 70111X2 ~ 013X, ~O0y33X; O11X1 T 02Xy + 033X G2~ Oy

11
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Lecture 8 2D plane stress/strain

8.1 Basic notions

Definition-1 Plane stress

Plane stress is a stress state where the direct component and shear components
normal to a plane are all zero. For example, for a plane expanded by {el,ez} and its

normal direction e,, the plane stress assumption means

G _61
G, G,
G Ss | _ 0 1)
T2 T2
Ty3 0
[T | [ O]

Definition-2 Plane strain
Plane strain is a strain state where the direct component and shear components
normal to a plane are all zero. For example, for a plane expanded by {el,ez} and its

normal direction e,, the plane strain assumption means

g g
g | | &
s € | _ 0 @
YlZ Y12
Y13 0
REAEEN 0 ]

8.2 Hooke’s law for plane stress
We introduce the plane stress assumption into the Hooke’s law by the compliance

matrix form.
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1Y Y o0 o
E E E
v 1 v
-— = — 0 0 O0/|¢
E E E O
(e)
vy vy 1oy 0 ol
. | E E E 0
§= . 3)
0O 0 0 = 0 O0f™
G 0
1 0
0 0 0O 0 — O0]|L
G
0 0 0O 0 O 1
L G
Therefore, we have
1 v,
5 E E 5,
- v 1 -
82 = —E E O O,
Y12 T
0 0 1
L G
4)
N V. .
83 = —E(Gl +62)
Moreover, the inverse of the compliance matrix in Eq. (4) is
G, e 1 v 0 g
G, =1 Y% 0 || &, (5)
T 0 0 1-v || Ve
L 2 |

8.3 Hooke’s law for plane strain

We introduce the plane strain assumption into the Hooke’s law by the stiffness

matrix form.
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2u+ A A A 0 0 0]¢g |
A 2+ A A 0 0 0]]¢g,
A A 2u+A 0 0 0fl O
&= 3 (6)
0 0 0 pw 0 0|y,
0 0 0 0O p OO
| 0 0 0 0 0 pj O
Therefore, we have
G, 21+ A A 0| &
G, |=| A 2u+i 0| &,
T 0 0 Wil Va2
(7)
G, =A(& +E,)
Note that
E(1-
ouane—20=Y)
(1+v)(1-2v)
(8)
B Ev
(1+v)(1-2v)
Introducing Eg. (8) into Eq. (7), one has
i 1
G, c 1-v v 0 g
6, |=—+——| v 1-v 0 € 9
21 (1+v)(1-2v) ? ©
T 0 0 1-2v || vy,
i 2 |

8.4 Total potential energy and variational form

We denote the displacement vector, strain vector and stress vector at a material

point in a 2D plane stress/strain linear elastic problem as

ou,
oX,

For the plane stress case, we have

au,
oX,
ou,

au,
_+_
| OX, 0OX, |

HQI

(o]
Il
)

on

(10)
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£ 1 v 0
D= ~lv 1 0
1-v 1
0 0 v
L 2
For the plane strain case, we have
1-v v 0
E
D=—_— | v 1-v 0
(I1+v)(1-2v) 1o
o o =—=2¥
L 2

The internal energy of the body is written as
M, = [, WdV =h| LaDadA
Vo Qq 2
where h is the thickness, which is a constant.

The external energy of the body is written as

M, =h[_uTtdL+h[ u'fdA

where t is the surface traction vector and f is the body force vector.

“laprele

The total potential energy is written as

H(U) =1IT;, (u)_next (U)

—n], %éTDédA—h [ u'tdL—n]_ u'fdA

Applying the principle of stationary potential energy, one has

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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ST (u)[Su]=0
(18)

=
‘[Qo 5§TD§dA_LQO §uTtdL_J'QO SuTfdA =0

This is just the variational form of equilibrium equations.
8.5 Constant Strain Triangular (CST) Element

8.5.1 Stiffness matrix and elemental equations for a CST element

V3
Us Va
node 3 node 2
u;
Uq
€
flt node 1
1

Fig. 1
Consider a triangular element with thickness denoted as h shown in Fig. 1. There

are 3 nodes defined at the 3 vertices of the triangle. The coordinate of the 3 nodes are

MER LR
X, =| 71, X, =| 2|, X, = (19)
Y1 Y, Y3

At each node, a displacement vector with 2 degrees of freedom is defined

el el
u, = , Uy = , Uy = (20)
Vl V2 V3

In addition, as shown in Fig. 2, corresponding nodal forces are defined

listed as
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f\,f?, f
f v2
node 3 U3 node 2
fuz
{
e ful
flf node 1
€
Fig. 2

Step 1: Write down the total potential energy
H(U) = 1_[int (u)_Hext (U)
= hIQO %ET DgdA —hf,u, —hf v, —hf ,u, —hf v, —hf u, —hf ,v,

_n[ L&pada—nuTr,

Q 2

where the nodal displacement vector is

- =

N

< € < © < <C
w N

and the nodal force vector is

(21)

(22)

(23)

Step 2: Assume the trial function for each component of the displacement

6
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field

u(X,y)=c,+C,x+C.y 24)
V(X,y)=C, +CsX +Cgy

where ¢, ~c, are unknown coefficients to be determined.
Step 3: Express the unknown coefficients in terms of the nodal degrees of

freedom (or Find the shape functions)

U(X, Y1) =0, +CX, +Cy, = U,
U(X,,Y,)=C +CoX, +CY, = U,
U(X3,Y3) = Cy +C,X; +CaY, = U,
(X0:¥:)
(
(

x2,y2)=c4+C5x2+c6y2 =V,

(25)

<

=C, +C X, +CY, =V,

<

<

X31y3)=C4 +CsX5 +CgY; =V,

By rewriting the above equations in matrix form, one has

X Y|l G Uy
Xy Yo |G |=| U,
X3 Y3 ][ Cs Us
(26)

X, Y16 \Zi
X, Yol G |=| Vs
X; Y3 ]| C Vs,

Furthermore, by applying Cramer’s rule to solve the two systems of linear equations

respectively, one has



Lecture 8 2D plane stress/strain Yanhui Jiang

where

and

ul Xl yl
u2 XZ yZ
u, X alx 2 |x 3 |x
R [V (R TR i (TR G Vo e
A A X3 y3 Xg y3 X2 y2
:%(alu1+oc2u2+oc3u3)
Lou oy
Lou vy,
1 u w2l w21 o1
e, = Bl 2 0 (TR ) o i R N i T
A A 1 y3 1 y3 1 y2
1
:X(B1u1+BzU2+B3U3)
1 x u
1 x, u,
1 X, Uy 1 ull X, asfl X, sl X
Cs = =—| (-1 u,+(-1 u, +(-1 u
’ A A{()lx3l()1x32()123
1
:X(X1u1+quz+X3U3)
Vl Xl yl
VZ XZ yZ
V., X alx X a]x
¢, =1 K Wl 2yl Vely s cape S Ky e Yy
A A XS y3 X3 y3 Xz y2
= %((}le1 +0L,V, +0,V;)
1 v, vy
L v, v,
1 v 21 21 w21
g = K2 e N (R A VAR () Ll A Y2
A A 1 y3 1 y3 1 y2
1
= X(Blvl +B,v, + Bavs)
1 Xl 1
1 X, v, @7
1 X, vy 1 uwall X, sl X asfl X
Ce = =—|(-1 v, +(-1 v, +(— v
i A A{()lxsl()lxg,Z()lxz3
1
= X(lel AVt X3V3)
1 X v
A=1 X, Y, (28)
1 X3 vy,
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0y =X, Y3 = X35, O, = X5Y; =X Y3, O =X Y3 = X3,
Bi=Y,—Ys Bo=Ys—Yi, B3=Yi—Y, (29)

1= X3 =Xy Ao =X = X5y Az =X, =X

Introducing Eg. (27) into Eq. (24), one has

X o |X L3 |X
U=_— (_1)1 1 2 yZ ul +(_1)1 2 1 yl u2 +(_1)l 3 1 y1
A X3 y3 X3 y3 X2 y2
X w2l Yy 22l Y 32ll Y ]
+=| (-1) ) ?lu, +(-1) ) Hlu, +(-1) ) Hlu,
A Ys Y3 Yo
y w3l X, sl X asll X
+Z| (- -1 -1 u
A()lxgl()lxsz()lxze’
_u |
A -
LUy
A - -
L Us
A - -
Moreover, we notice that
1 x vy
=1 X, Yo|=
1 X3 Y,
1 X Y
1 X3 Vs
1 X Y
=L X, Y,|=
1 x vy

So, we have

Similarly, we have

(30)

(32)

(33)

In addition, we notice that these determinants can be interpreted by the area of the

9
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triangle.

nhode 3 hode 2

LPI node 1

Fig. 3
As shown in Fig. 3, a point P(x,y) inside the triangle partitions the triangle into 3

three smaller triangles by connecting the point to the 3 vertices (nodes).

Triangle Area Theorem (TAT)

If the three vertices of a triangle is numbered in a counterclockwise manner and

the coordinates of the three vertices are given as (x;,y;), i=1,2,3, then the area of

the triangle is determined as

A, =5tk %2 Y,

(34)
L X3 Y

Proof:

One can define two vectors as (See Fig. 4)

Vv
1 (35)

vV, = (Xs _Xl)el +(y3 _Y1)e2

Then the area of the parallelogram is

10
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A, =V, xV,
_ X, =Xy Y=Y,
Xg=X; Y3—Y,
1 X, Y,
=0 X, =X, Y,V
0 Xg=X; Y3—Y,
I X v
=1 X, vV,
1 X3 Y,
So, the area of the triangle is half of the area of the parallelogram
1 X
1 1 1 Y
Tiss :EAP :El X, Y,
1 X3 Vs
node 3 node 2
v
Vi
ez
flt node 1
1
Fig. 4

(36)

(37)

By using the TAT, we can evaluate the areas of triangles shown in Fig. 3.

11
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1 x vy
1 1
A= Toos _El X, Y, :EAl
1 X3 Y;
1 x
pocay <th x y|-la
2 Tips 2 2 2
1 X5 Y (38)
1 1 x5y 1
A= Tiop _El Xy Y, :EAs
1 x vy
1 x
1 1 Y 1
/A\:/A\T123 :El XZ y2 :EA
1 X3 Ys
Introducing Eqg. (38) into Eq. (32) and Eqg. (33), one has
u =iul+—2u2 +iu3 =N,u, + N,u, + N,u,
R
V:X1V1+T2V2 +K3V3 =N,v, + N,v, + N,v,
where i i A are known as area coordinates.
A A A
Eqg. (39) could be rewritten in matrix form as
U,
Vl
u N, 0O N, 0O N, 0 (u
= ’ ° * |=Nu, (40)
v 0 N, 0 N, 0 N;jlv,
u3
L Vs ]

Remarks:
(1) From Eqg. (39), we know that the shape functions could be directly derived by
the so-called area coordinates of a point inside the triangle.
Note that
A A
N.+N.+N, =—‘L4+22,°-383_1 41
PN, Ny === (41)

12
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So, there are only two independent area coordinates. In addition, we notice that

<N, <1
0<N,<1 (42)
<N, <
and
N (%)) =4, 43)

Step 4: Evaluate the strain components in terms of the trial function
Method-1:

We start with the Eq. (40)

L _0u_oN, N, 0N,

=— u, + u
ST ax N ax 2 ox
. ov ON, oN, ON,
g, =—= Vv, + Vv, + V,
oy oy oy oy (44)
_u o
Y12 oy ox
ON, oN, ON, ON, ON, ON,
= u, + , + U, + Vv, + Vv, + V,
oy oy oy oX OX oX
EqQ. (44) could be rewritten in matrix form as
N, g 0N, o Ny :J/l
g, OX OX oX 1
u
=g (=) 0 T oo Moo Mg, g
. oy oy Ay || Vs
¥4 1ON, ON, ON, ON, ON, oN, || u,
Loy ox oy Ox 0y OX |V,

Method-2:

We start with Eq. (24) and Eq. (27)

13
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. ou 1
€ :8_X: C, :Z(Blul"'ﬁzuz +Bsu3)
. oV 1
€, =——"=C :_(X1V1+X2V2 +sts)
oy A
(46)
M N e
Y12 oy ox 3T ls
1 1
:X(Xlul + %LU, +X3u3)+Z(B1Vl +B,V, +B3V3)
EqQ. (46) could be rewritten in matrix form as
_u1_
- vy
] B0 B 0 B 0]
E=[8 |=—|0 % 0 x, 0 x| *|=Bu, (47)
A v,
Y12 e B % By % Bs
U,
RER

Remarks:
(1) From Eq. (46), it is apparent that all the stain components are constant. That is
why the element is called constant strain triangular element.

(2) By comparing Eg. (45) and Eq. (47), we have the following relationships

N, B ON,_x
x Aoy A

N, B, N, _1

OX

ON, _ Bs ON, _ X3

OX

A

oy

Aoy

A

A

(48)

Step 5: Express the total potential energy in terms of nodal displacement

vector
By introducing Eg. (45) into Eq. (21), one arrives at
T 1 T T
T(u,)= hueIQOEB DBdAuU, —huf, (49)

Step 6: Derive the equilibrium equations and stiffness matrix

14
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By the principle of stationary potential energy, one has

o (u, )[6u,]=0
= (50)

_ B'DBdAU, =T,

Therefore, the stiffness matrix could be evaluated by

Keer = [, B'DBAA
-B'DB|_dA
Q
(51)
=B'DBA
_1 B'DBA
2
which is a 6 X6 matrix.
Remarks:
(1) For plane stress problems, we have the stiffness matrix as
Kesr =
_Bl 0 Xl_
O m Bl o g 0 B, 0 B 0 (52)

0
_E |k 2ly 1 0 /0 9% 0 % O 7
2A(1—v2) 0 % B, L 5 B 5
B, 0 7, 00 2\’ X1 P X2 > X3 B3
0 % Bs_

(2) For plane strain problems, we have the stiffness matrix as

KCST=

B 0 x

0

i ; ’él Pl v o g, 0B, 0 B, O (53)
: L2 v 1l-v 0 0 % 0 % 0 %

2A(1+V)(1_2V) 0 % P 1-2vilx, By % By % Bs
P 0 x|l O 0 ¥

15
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8.5.2 Equivalent nodal forces for distributed surface traction

t,=0, t,=w

node 3 node 2

2

&1 node 1

Fig. 5

See the example shown in Fig. 5. The area coordinate of the point on the edge

that is subjected to surface traction is

N, =0
N2:E.>
N,=1-N,-N,=1-¢

where §e [0,1] is a parameter. Introducing Eq. (54) into Eq. (40), one has

1

[N

N

=Nu

N

w

u
Y/
u
\Y
u
\Y

3

The surface traction is

N

Therefore, by using the following work equivalent identity, one has

J.OluTtdcf =ulf,
=

[[NTtg =,

16

(54)

(55)

(56)

(57)



Lecture 8 2D plane stress/strain Yanhui Jiang

8.5.3 Example
t
O
~1
~1
~1
~1
g E,v,h L
~1
~1
e, ;
&1 ; .
le N
I L 'l
Fig. 6

Consider a 2D plane stress problem as shown in Fig. 6. A 2D square elastic
domain with edge length L is subject to a constant traction t on its top surface and a
fixed B.C. on its left edge. The thickness is 1. We would like to use finite element
method to find the displacement field. For simplicity and illustration, we apply the
CST element first.

Step 1 Discretize domain; Numbering nodes and elements

d(o,) c(LL) d(o,L) c(LL) c(LL)
p
Element 1 Element 1
= +
e, Element 2 Element 2
#l
2(0,0) b(L,0) 2(0,0) a(0,0) b(L,0)
Fig. 7

Step 2 Evaluate element stiffness matrix and equations

For Element 1:

17
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node 3(0,L) node 2(L,L)

Element 1

node 1(0,0)

The nodal coordinates are

X,=0,y,=0
X,=L,y,=L (58)
X,=0,y,=L

The area of the triangle is

=12

y >
N |-

(59)
=2

>

The B-matrix parameters are evaluated as

B,=0,B,=L, B;=-L

60
xi=-L %,=0, ;=L (0)

The stiffness matrix is evaluated as

18
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KW =
0 0 -L] ]
0O -L O
£ L o 0 v 0 0 0O L 0O -L O
o o L 1 00 -L0ooO 0 L
Lo Lo vt o0oL L oL
) _ =
0 L -L|
2 2 2 2 ]
Fav) o o —L?(l—v) Lay Eaoy
0 L2 L% 0 L*v -2
2 12 2
E L 2 O 2 L 2LV (61)
_ L L L
T S Saw -Law
2 2
%(3—\/) —L?(l+v)
2
Sym L?(S—v)

In addition, the equivalent nodal force is evaluated as

) i 0
0 0 0
0 0 0
il & 0 0 1
f = dé=| = 62
=l e e Ma w (62)
1-¢ 0 0
0 1-¢ iw
12
For Element 2:

node 3(L,L)

e

L.

Element 2

node 1(0,0) node 2(L,0)

The nodal coordinates are

19
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X,=0,y,=0
X,=L,y,=0
X;=L,y,=L

The area of the triangle is

The B-matrix parameters are evaluated as

Blz_L7 B2=L, BS=O
x=0, x,=-L, xs=L

The stiffness matrix is evaluated as

K® —
-L 0 0] )
0 0 -L
v 0 1f[-L o0 L 0 0 0
E L 0 -L
v 1-v||0 -L -L L L 0
0 0 L({O0 O T
0 L o] -
[ 12 0 g L%y 0
2 2 2 2
LA L?(l—v) —L?(l—v) —L?(l—v)
L2 L2 L2
E ?(3—\/) —?(14‘\/) —?(l—\/)
T212(1-v2) 2 2
(1) %(3—\/) %(1—v)
2
= (1-v)
| Sym

(63)
(64)
(65)
—L2v]
0
L*v (66)
—12
0
L2 |

Step 3 Assemble all the elemental stiffness matrices and force vectors

20
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By direct stiffness method, the global stiffness matrix is assembled as

K=
L’ +=(1-v) 0 -1 v 0 7|3»7"?2(17v) ——Z(l—v) i(l—v)
—2(1—\')+L2 E(1—\7) —L?Z(l—\) —L—(l—\)—sz 0 L*v -2
L?Z(S—V) —L?Z(ZHV) —L?z(l—\) v 0 0
Yev L o 0 0
2 (1-v*) E(l—v)+ L 0 L v
Lz+£(l—v) L?z(l—v) -—(1-v)
LZ
—(8-v) -—(1+v)
2 2
Sym I'?2(3—v) | (67)
The nodal force is assembled as
0
0
0
0
£_] 0 (68)
w
2
0
w
L 2]
Step 4 Apply boundary conditions
Since the left edge is fixed, the boundary conditions are
u=v,=u,=v,=0 (69)

After deleting corresponding rows and columns in the global stiffness, one obtains

2 2 2

L?(B—v) —L?(l+v) Ly L2y

L2 2 5

—(3- —(1- L

Ro E 5 (3-v) (1-v) 70)
_ 2
2 (1-v?) Lvysr 0
2
Sym L2+L?(1—v)

So
21
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217 (1—v2)

The solution is

2 2
Lavy)y Eaoy L2y
2 2 _0_
L2 L2 ) u,
Ea- Ea- - 0
V) S) - v | | | (1)
L : u, || 2
= (1-
2( v)+L 0 V3 ﬂ
) 2]
L+ (v)
3v®-18v* +29v -5
w(1-v? —3v3 4+ 32 _
(1-v?) 3v®+3v2 +27v—-35 72)

E(3v4 +8v° —146v2 +368v—265) —3v¥+5v2 +3v-5

24v? —100v —100

22
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Lecture 9 2D plane linear elements

In the previous lecture, we have learnt how to derive the stiffness matrix of a
constant strain triangular element and use direct stiffness method to solve 2D plane
stress/strain problems. In this lecture, we will talk about the standardization of the
method in terms of 2D plane elements, i.e., the standard 3 node triangular element and
the standard 4 node quadrilateral element.

9.1 Natural coordinates and Standard computation domain

9.1.1 Example

node 2 (1,1) node 1 (0,1)

node 2
(1,0)

Case 1 Case 2

Fig. 1
Let’s consider such a field problem defined in the 2D space. The field domain is a
line segment. The problem is to find the following integral over the field domain
| = IOL X+ y°ds (1)
where s is the arc-length of the line segment, or called the natural coordinate, (X, y)
is the coordinate of a point in the line segment.

For Case 1 as shown in Fig. 1, we first do parameterization for the coordinates
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2
)
y=5(5)=2s

The length of the line segmentis L = V2. Therefore, we have

N
fﬁﬁ L7 1,7 s

| = —s+£szds:—s =— (3)
o 22 4

0

For Case 2 as shown in Fig. 1, still, we first do parameterization for the

coordinates

X =)A((S)=%S
4)
y:§/(s)=1—gs

¥ (5)

9.1.2 Standard computation domain

- Py

— ¢

Fig. 2
Now, we consider mapping the line segment shown in Fig. 1 (Case 1) to the

standard computation domain shown in Fig. 2, where £ is a natural coordinate.

Step 1 Assume a mapping function

{x =C, +C,E

Y =C3+C,E

(6)
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Step 2 Apply known nodal coordinate and solve for the unknown coefficients

x(0)=c, =0
x(1l)=c,+c, =1
o6, 0
Y(O) =y =0
y(1)=c, =1
Step 3 Obtain the parameterized coordinates
X=¢
(8
o

Step 4 Evaluate the differentials

ds = (/dx? +dy? =/2d¢ (9)

Step 5 Evaluate the integral
1
0

1= (a+a2)ﬁda=¥ (10)

Similarly, the line segment shown in Fig. 1 (Case 2) can also be mapped to the
standard computation domain to evaluate the integral.

9.2 Standard triangular linear element (C2D3 element)

(0,1)

(0,0) (1,0)

Fig. 3 C2D3 element
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The shape of the element is shown in Fig. 3. About the name C2D3, “C” is short
for “Continuum”, 2D is short for “2D space”, 3 stands for “3 nodes”.
Convention for the edge numbering:
edge-1: nodel-node2
edge-2: node2-node3
edge-3: node3-nodel

Step 1: Derive the shape functions of C2D3:

fm(@n) =1-&-n
¢,(&n)=¢ (11)
®5(&m)=n

Step 2: Create the N matrix for interpolation

o, 0 ¢, 0 ¢, O
N _ |:(pl N (p2 N (p3 N :| (12)
0 ¢ 0 o0, 0 o
Thereby, the field variable could be interpolated as
0,
Vl
u u
u:{ }zNue:N 2 (13)
Y v,
u3
L Vs
In addition, the field domain coordinate could be interpolated as
]
Y1
X X
xz{ }:NXS:N ? (14)
y Y2
XS
L Y5

Remarks:
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Note that both the field variables (u, v) and the field coordinates (x, y) are

parameterized by the same natural coordinates (&, n). This kind of interpolation is

also known as iso-parametric interpolation. The advantage is that the computation
tasks (e.g., integration) are all changed to the computation domain. This facilitates
standardization.

Step 3: Create the C matrix by the nodal coordinates

C:{Xl X, xs} (15)
Yi Yo Ys

Step 4: Create the H matrix by the derivatives of the shape functions

04, 00, |
o |y
H= % % -1 0 (16)
S Mo
09; Oy
| & On |
Step 5: Create the J matrix
x X
F
1= % M _cn (17)
N ¥
g on

whose determinant |J| relates the differentials between the field domain and the
computation domain.
dxdy =|J|d&dn (18)

Step 6: Create the T" matrix
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ox oy

ro| 99 99 |_ 3t (19)
oxX oy
| OX oy |

Step 7: Create the B matrix for interpolation

r, 0 r, 0 I, O
B={0 I, 0 I, 0 I, (20)
1_‘12 1_‘11 1_‘22 er 1_‘32 1_‘31

Thereby, the derivative of field variable such as strain could be interpolated as

g
§=| &, [=Bu (21)

Step 8: Create the D matrix (plane stress/plane strain)

For the plane stress case, we have

£ 1 v O
D= v 1 0 22
v 1 (22)
0 0 —¥
L 2 |
For the plane strain case, we have
. 1-v v 0
D=——— v 1-v 0 (23)
(1+v)(1-2v) 1o
o o —
L 2 |
Step 9: Create the K matrix (i.e., the stiffness matrix)
K=h[ [ B'DB|J|dzd (24)
0J0 n

where h denotes the thickness.

9.3 Standard quadrilateral linear element (C2D4 element)
6



Lecture 9 2D plane linear elements Yanhui Jiang

n
(-1, 1) (1, 1)
o
4 3
3
1 2
® ®
(-1,-1) (1,-1)

Fig. 4 C2D4 element
The shape of the element is shown in Fig. 4. About the name C2D4, “C” is short
for “Continuum”, 2D is short for “2D space”, 4 stands for “4 nodes”.
Convention for the edge numbering:
Edge-1: nodel-node2
Edge-2: node2-node3
Edge-3: node3-node4
Edge-4: node4-nodel

Step 1: Derive the shape functions of C2D3:

¢, (&m)=(1-¢)(1-n)/4
6. (Em)=(L+E)(1-n)/4 -
$3(&m)=(1+E)(1+n)/4
¢4 (&m)=(1-¢)(1+n)/4
Step 2: Create the N matrix for interpolation
N — |:(Ap1 E) (,I\)Z P (,I\)B P (,[\)4 P :| (26)
0 ¢ 0 ¢, 0 ¢ 0 o
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Thereby, the field variable could be interpolated as

< C
N [ [

N

(27)

w

< ©C < ©c < C©
s w

IN

In addition, the field domain coordinate could be interpolated as

Xl

Y,

XZ

X = m _NX, =N| 72 (28)
y X

Ys
X4

Y,

Step 3: Create the C matrix by the nodal coordinates

C:{Xl X, X, xﬂ 29)
Yi Y2 Y3 Vs

Step 4: Create the H matrix by the derivatives of the shape functions
_8_@1 8_([)1_

ac  om
8, 09, | |-(1-m)/4 —(1-g)/4

& on|_| (1-m)/4 -(1+g)/4 (320)
0 0y | | (L+m)/4  (1+E)/4
3 om | |-(1+m)/4 (1-¢)/4
L 0& O

Step 5: Create the J matrix
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X
on
oy

on

=CH

(31)

whose determinant |J| relates the differentials between the field domain and the

computation domain.

dxdy =|J|d&dn (32)
Step 6: Create the T" matrix
ox oy
ox 0
r=| ¢ Y _ny (33)
%95 09
ox oy
| OXx oy |
Step 7: Create the B matrix for interpolation
r, o r, o0 I, O
B=0 1, 0 I, 0 I,, 0 T, (34)
1_‘12 1_‘11 1_‘22 1_‘21 1_‘32 1_‘31 1_‘42 1_‘41
Thereby, the derivative of field variable such as strain could be interpolated as
él
€=|¢g, |=Bu, (35)
Y12
Step 8: Create the D matrix (plane stress/plane strain)
For the plane stress case, we have
1 v O
D=—E |v 1 0 (36)
1-v? .
0 0 —¥
L 2 |




Lecture 9 2D plane linear elements Yanhui Jiang

For the plane strain case, we have

. 1-v v 0
D=——— 1-v 0 37
-2 T 57

0 0 =

2

Step 9: Create the K matrix (i.e., the stiffness matrix)

K=h[" [ B'DB|J|dedn (38)

where h denotes the thickness.

Remarks:

In the above, we have introduced two types of continuum element (C2D3 and
C2D4 element) in 2D space: one is of triangular shape; the other is of quadrilateral
shape.

We see that once the shape and node placement of an element is determined in the
standard parameterized space, shape functions defined in terms of the natural
coordinates should be determined correspondingly to each degree of freedom. We
have shown how to obtain these shape functions in the previous lectures by defining a
trial function with unknown coefficients and desired properties, e.g., a linear
polynomial.

As the start point of a standard procedure for computing the stiffness matrix,
shape functions play an important role. If the set of shape functions of an element

satisfy the following two conditions
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the element belongs to the genre of so-called compatible elements. Otherwise, it is

called incompatible element.

9.4 Gaussian quadrature

As we can see from Eq. (24) and Eq. (38), the evaluation of the stiffness matrix of
an element is finally attributed to computing integrals. This could be easily done by a
numerical integration, e.g., Gaussian quadrature.

For example, if we would like to compute the integration of a function f(&)

over the domain [-1,1]

[ feye (39)
Step 1: Evaluate the following basic integration
fo(g)=1:>j_ll1dg= 2
f,(5)=¢= [ &dg=0
2 Looge _ 2
f(8)=8"= [ gde =2
f,(¢)=¢"= [ gdg=0 (40)
4 Loage 2
f(g)=8"= [ g'de=¢
f,(¢)=¢"= [ £dg =0

Step 2: Assume a Gauss integration formula

1 N
[ fede=>wf(g) (41)
i=1
where N is the number of Gauss point in the domain, w, isthe weightand &, isthe
natural coordinate of the i-th Gauss point.

Step 3: Determine the weight and position of Gauss points for various N

When N =1, we call the formula one point integration. The weight and position
1
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for each Gauss point could be determined as

J‘_llfo (%)di =2=wf, (EA) =

J:fl (&)d& =0=wf (E.;l) =W, &,
= (42)
=0, w,=2

This formula is suitable for integrating a polynomial of highest degree 1.
When N =2, we call the formula two point integration. The weight and position
for each Gauss point could be determined as
[ fo(eMe=2=wf, (&) + w5y (&) =w, +w,
[ (e =0=wf, (&) +W,f, (&) = W& +w,E,

1

1f2 :__Wle (§1)+W2f2 (§2)2W1§12+W2§§

llfs (B)dE =0= W, (&) +W,f, (&) = W& + W83 (43)
& = _g’ w, =1
Z':2 :g’ W, =1

This formula is suitable for integrating a polynomial of highest degree 3.
When N =3, we call the formula three point integration. The weight and

position for each Gauss point could be determined as

12
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.[Llfo (Epe=2= iwifo (&)=w, +w, +w,

Illfl (i)d?; =0= ZWifl (éi ) =W, & +W,E, + W,E,

(=S = D Wh, (8) —w +w s wed

1

[ fa(epe=0= D wif (&) = wiel + g + wi
[ (=2 = 3w, (&) =wiet +wiet +weed

o (EE=0= 2 wify (5) = Wik +w g + e

=
J15 5
- W, =— 44
Q=g Wiy (44)
8
=0, w,=—
&, 259
iszﬁlwszﬁ
5 9

This formula is suitable for integrating a polynomial of highest degree 5.

13
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Lecture 10 2D plane quadratic elements

In this lecture, we go on to introduce 2D continuum elements. The differences
mainly lie in the number of nodes in these elements and their corresponding shape
functions.

10.1 C2D6 element

n

(0,1)

(0,0) (1,0)

Fig. 1 C2D6
The shape of the element is shown in Fig. 1. About the name C2D6, “C” is short
for “Continuum”, 2D is short for “2 dimension”, 6 stands for “6 nodes”.
Convention for the edge numbering:
edge-1: nodel-node4-node2
edge-2: node2-node5-node3
edge-3: node3-node6-nodel

Step 1: Derive the shape functions of C2D6:
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¢, (&n)=(1-&-n)(1-2-2n)
¢, (&m)=8(2¢-1)
¢;(&m)=n(2n-1) o
(,[34 (&!n) = 4&(1_&_1’])
s (&m)=4En
¢ (&m)=4(1-&-n)
Step 2: Create the N matrix for interpolation
6 0 &. 0 - &, 0
N _ |:(p1 N (PZ R (PG R :| (2)
0 ¢ 0 ¢ - 0 o
Thereby, the field variable could be interpolated as
U,
Vl
u U2
u={v}:Nue:N Vv, (3)
uG
| Ve
In addition, the field domain coordinate could be interpolated as
.
Y1
X2
X
X={ }=NXG=N Y, 4)
y :
X6
L Ye
Step 3: Create the C matrix by the nodal coordinates
X, X, - X
C — |: 1 2 6:| (5)
Yi Yo 0 Ye

Step 4: Create the H matrix by the derivatives of the shape functions
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ag  on
o on | |~(3-45-4n) —(3-45-4n)
90y 00 45—l 0
0 0 0 4n-1
He| & I i (6)
%, 0. | | 4(1-2-m) 4
a5 on 4n 48
%s 05| | —Am 4(1-&-2n) |
o on
| % on |

Step 5: Create the J matrix

=CH (7)

whose determinant |J| relates the differentials between the field domain and the
computation domain.
dxdy =|J|d&dn (8)
Step 6: Create the T" matrix
r=HJ* (9)

Step 7: Create the B matrix for interpolation

1—‘11 0 le 0 F61 0
B=|0 I, 0 I, - 0 T, (10)
1H12 1H11 rzz FZl o rsz rGl

Thereby, the derivative of field variable such as strain could be interpolated as

§=| &, |=Bu (11)

Step 8: Create the D matrix (plane stress/plane strain)
3
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For the plane stress case, we have
1 v O
D= E v 1 0 (12)
1-v° .
0 0 v
L 2 |
For the plane strain case, we have
. 1-v v 0
D=———| v 1-v 0 (13)
(1+v)(1-2v) 1o
o o —2
L 2
Step 9: Create the K matrix (i.e., the stiffness matrix)
K=h[ [ B"DB|J|dzd (14)
0J0 n

where h denotes the thickness.

10.2 C2D8 element

n

(-1, 1) (1, 1)
e ]
4 3
£
1 2
[ .l
(-1,-1) (1,-1)
Fig. 1 C2D8

The shape of the element is shown in Fig. 1. About the name C2D8, “C” is short

for “Continuum”, 2D is short for “2 dimension”, 8 stands for “8 nodes”. It is also

4
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called an 8-node serendipity element
Convention for the edge numbering:
Edge-1: nodel-node5-node2
Edge-2: node2-node6-node3
Edge-3: node3-node7-node4
Edge-4: node4-node8-nodel
Step 1: Derive the shape functions of C2D8:
¢ (&m)=(1-8)(1-n)(-1-&-n)/4
B, (&m) =(1+&)(1-m)(-1+&-m)/4
(s (&m) = (1+&)(1+n)(-1+&+n)/4
¢4 (&m)=(1-¢)(1+n)(-1-&+n)/4
s (&m)=(1-¢€")(1-n)/2 (15)
Ge (&) =(1+8)(1-n7)/2
& (&m)=(1-8)(2+n)/2
s (&) =(1-8)(1-7*)/2
Step 2: Create the N matrix for interpolation
5 0 o. 0 - &. 0
N = {@1 h ®, A Pg A :| (16)
0 ¢ 0 ¢, =+ 0 @
Thereby, the field variable could be interpolated as
U,
Vl
u U2
u={ }:NUE:N v, (17)
v
UB
| Vs

In addition, the field domain coordinate could be interpolated as
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Xy

Y1
X,

X = m ~NX, =N| y, (18)

Xg
Ys |

Step 3: Create the C matrix by the nodal coordinates

Cz{xl X, e XB} (19)
Yi Yo o Ys
Step 4: Create the H matrix by the derivatives of the shape functions
_8_(’[\)1 8_(1)1_ _1 1 7
& on | |L(-m)(ee) -g)(s+2n)
o, 2, | |} ;
o | |Z0-m)(2-n) F(E)(-gr2n)
% 993 | |1 1
% on | |FLen)(2En) eE)(Een)
09, 0p 1 1
T | st je-ge)
|96 0% | Lo .o
T £ —E(1- —=(1-
% o S(t-m) 11-¢)
0ps 09 11_ 2 -1
o —To n +E)n
BBl Se) )
%, 0| | g(ien) ~-2)
3k on : 2
a, 0| | —(-m)  —-®m
L 6& o] il (20)
Step 5: Create the J matrix
x
12| % M _cn 21)
N o
o on

whose determinant |J| relates the differentials between the field domain and the

computation domain.
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dxdy =|J|d&dn (22)
Step 6: Create the T" matrix
r=H-J*" (23)

Step 7: Create the B matrix for interpolation

r, o r, o --1I,; O
B=|0 I, 0 I, - 0 T, (24)
1H12 1H11 rzz FZl "' rsz rGl

Thereby, the derivative of field variable such as strain could be interpolated as

1

, |=BU, (25)
Y12

My

&=

Step 8: Create the D matrix (plane stress/plane strain)

For the plane stress case, we have

£ v 0
D= v 1 0 26
= 1 (26)
0 0 —¥
L 2 |
For the plane strain case, we have
. 1-v v 0
D=——— v 1-v 0 (27)
(1+v)(1-2v) 1o
o o —
L 2 |
Step 9: Create the K matrix (i.e., the stiffness matrix)
1 p1 T
K=h[ [ B'DBJ|d&dn (28)

where h denotes the thickness.
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Remarks:

The reason to choose quadratic elements

While the linear elements have fewer DoFs and thus is faster in computation, its
accuracy is not good. C2D3 element should be avoided as much as possible in stress
analysis since it is too stiff and has a low convergence rate even when mesh is fine. In
contrast, a quadratic element has a higher accuracy.

In some application, using fine mesh for linear elements is not able to improve
the accuracy due to that the field variable essentially requires higher order terms in the
trial function to approximate its behavior.

In addition, quadratic elements can model curved surface with fewer elements

and is good for bending dominant problems
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Lecture 11 3D solid elements

In this lecture, we will go through the linear 3D solid elements (i.e., C3D4
element and C3D8 element) and the quadratic 3D solid elements (i.e., C3D10 element
and C3D20 element). In contrast to the 2D elements introduced in the previous
lectures, the 3D elements have more DoFs and more complex shape functions.

11.1 C3D4 element

Fig.1 C3D4

The shape of the element is shown in Fig. 1. About the name C3D4, “C” is short
for “Continuum”, 3D is short for “3 dimension”, 4 stands for “4 nodes”.
Convention for the edge numbering:
surface-1: nodel-node2-node3
surface-2: nodel-node2-node4
surface-3: node2-node3-node4
surface-4: nodel-node4-node3

Step 1: Derive the shape functions of C3D4:
1
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¢, (&M, 6)=1-E-n-C
(’bz (a’nig):&: (1)
¢ (&m.6)=n
&’4 (Z':’ N C) =C
Step 2: Create the N matrix for interpolation
& 0 0 § 0 0 = ¢ 0 0
N=|0 (AP1 0 0 (’I\)z o - 0 (’|\)4 0 2)
0 0 § 0 0 § 0 0
Thereby, the field variable could be interpolated as
0]
Vl
Wl
u2
V2
u=| Vv |=Nu,=N (3)
W2
w .
4
V4
LWy
In addition, the field domain coordinate could be interpolated as
T
Y1
Zl
X2
Y2
X=|y|[=NX,=N (4)
ZZ
z .
X4
Y4
[ 24 ]

Step 3: Create the C matrix by the nodal coordinates
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Ya (5)

Step 4: Create the H matrix by the derivatives of the shape functions

[0p, 0p, 09,
& om &
0p, 09, 0Op,
H=| 0§ on 0o¢
0p, 09, 0P,
| 0§ o oC
Step 5: Create the J matrix

€ on

-y

€ on

&

| 6& On

R
1 0 0

o 1 o0 ®)
0 0 1

o

og

|

= —CH )

a

oc |

whose determinant |J| relates the differentials between the field domain and the

computation domain.

Step 6: Create the T" matrix

0p,

0p,

dxdydz = |J|d&dndg (8)

09, |

OX
o9,

oy
0P,

0z
o9,

OX

0P,

oy

0P,

oz |=HJ™" 9)

0P,

OX

oy

0z

Step 7: Create the B matrix for interpolation
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'r, 0 0 I, 0 O r, 0 0]
0 I, O r, O o r, O
B 0 0 I, 0 0 T, 0 0 T, (10)
FlZ 1—‘11 0 1—‘22 1—‘21 0 - 1—‘42 1—‘41 0
F13 0 Fll F23 0 le F43 0 F41
L 0 1—‘13 1—‘12 1—123 1—‘22 O 1—‘43 1—‘42
Thereby, the derivative of field variable such as strain could be interpolated as
a
§2
i=| ® |=Bu, (12)
Y12
Y13
| V23
Step 8: Create the D matrix (plane stress/plane strain)
20+ A A 0 0 0]
A 2u+A A 0 0O
A A 2u+x 0 0 O
D- H (12)
0 0 0 p 0 0
0 0 0 O nu O
0 0 0 0 0 pf
where p and A are called Lame constants.
2(1+v) (13)
B Ev
(1+ v)(l— 2v)
Step 9: Create the K matrix (i.e., the stiffness matrix)
1p1-€ (15 ¢
K = jo jo jo B'DB|J|d&dndg (14)

Remarks:
To derive the shape functions for C3D4 element, one might directly use the so

called volume coordinates, which are similar to the area-coordinates for C2D3
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element that is introduced in the previous lecture.

node 4

Fig. 2 Volume coordinates of a point in a tetrahedral element

Tetrahedron Volume Theorem (TVT)

If the four vertices of a tetrahedron is numbered per the right hand rule as shown

in Fig. 2 and the coordinates of the four vertices are given as (x;,y;,z;), i=12,3,4,

then the volume of the tetrahedron is determined as

1 X
11 x,

Tow @
1234 61 X3
1 X,

So, for an arbitrary point P (X,Y,z)

constitutive tetrahedrons could be formed, i.e,

1 X y z

1L X, ¥, 7,

T TG X, y, Z,
1 X, Yy 2z,

1L x5 ¥ z

1l X0y, 7,
Tee G Xy 7z
1 X, Yy 2z

The volume-coordinates are defined as

1

N

w

z
z
z
z

4

(15)

inside the tetrahedron, four smaller

T1P34

T123P

6

6

1 X Y
1 x vy
1 X3 Y,
1 X, Y,
1 X Y
1 X, Y,
1 X3 Y,
1 x vy

TP 2341 T1P34 ! T12 P41 T123P

Z
z

w

z
z

S

z

iy

z

N

z

w

z

(16)
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V. V. V.
L — TP234 L — T1P34 L — T12P4 L — T123P
1=, k2T 13 = 1 T

T1234 T1234

(17)

T1234 T1234

It is noted that the volume-coordinates obey the following relationships that shape

functions should satisfy

(18)

It is easy to derive the shape functions given in Eqg. (1)by using the

volume-coordinates, i.e.,

(APl = L1

S L

(Apz 2 (19)
0, =L,

&’4 = L4

11.2 C3D8 element

Fig. 3 C3D8

The shape of the element is shown in Fig. 3. About the name C3D8, “C” is short
for “Continuum”, 3D is short for “3 dimension”, 8 stands for “8 nodes”.

Convention for the edge numbering:
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Surface-1: nodel-node4-node3-node2
Surface-2: node5-node6-node7-node8
Surface-3: nodel-node2-node6-node5
Surface-4: node2-node3-node7-node6
Surface-5: node3-node4-node8-node7
Surface-6: nodel-node5-node8-node4
Step 1: Derive the shape functions of C3D8:
¢, (&n.¢)=(1-€)(1-n)(1-¢)/8
o, (Em,C)=(1+€)(1-n)(1-C)/8
5 (&m,C)=(1+E)(1+n)(1-C)/8
h.(E.0)=(1-E)(1+n)(1-0)/8 20
s (&m,6)=(1-€)(1-n)(1+5)/8
s (£,m,C) = (1+8)(1-n)(1+¢)/8
P (&m,C)=(1+&)(1+n)(1+C)/8
s (Em.C)=(1-€)(1+n)(1+C)/8
Step 2: Create the N matrix for interpolation
& 0 0 % 0 0 - § 0 0
N=0 ¢, 0 0 ¢, O 0 ¢ O (21)
0 0 ¢ 0 0 § 0 0 &

Thereby, the field variable could be interpolated as
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ul
Vl
Wl
u
u 2
V2
u=|v |=Nu,=N (22)
WZ
w .
u8
VB
| Ws |
In addition, the field domain coordinate could be interpolated as
.
Y1
Zl
X2
Y,
X=ly|=NX,=N (23)
ZZ
z .
X8
Ys
[ Zs
Step 3: Create the C matrix by the nodal coordinates
Xl X2 X8
C= Yi Yo o Ys (24)
Zl ZZ 28
Step 4: Create the H matrix by the derivatives of the shape functions
[ 0p, 09, O, |
& om
0p, 09, 0p,
H=| 0§ on 0o¢ (25)
0ps 09y Oy
L o6 om  AC |

Step 5: Create the J matrix
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o
I
R (R

oz
|98

oz
on

OX

a

(07 =CH
ac

0z
a |

(26)

whose determinant |J| relates the differentials between the field domain and the

computation domain.

dxdydz = |J|d&dndg

Step 6: Create the T" matrix

06, 0, 09 |
ox oy oz
09, 90, 00,
=l ox oy oz |=HJ"
09y 903 00y
| OX oy oz |

Step 7: Create the B matrix for interpolation

o
I

0 - Ty 0 0]
0 -« 0 I, O
r, - 0 0 Ty
I, Ty 0
Iy o T 0 Lg
Iy o 0 Les Fsz_

=Bu

Step 8: Create the D matrix (plane stress/plane strain)

9

(27)

(28)

(29)

(30)
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2u+A A A 0 0O
A 2u+A A 0 0O
A A 2u+A 0 0 O
D- H (31)
0 0 0 p 0 O
0 0 0 O np O
0 0 0 0 0 pjf
where p and A are called Lame constants.
2(1+v) 32)
B Ev
(1+ v)(l— 2v)
Step 9: Create the K matrix (i.e., the stiffness matrix)
1 1 1 T
K= [] B"DB[3|dzdnds (33)

11.3 C3D10 element

Fig. 4 C3D10

The shape of the element is shown in Fig. 4. About the name C3D10, “C” is
short for “Continuum”, 3D is short for “3D dimension”, 10 stands for “10 nodes”.
Convention for the edge numbering:

surface-1: nodel-node2-node3
10
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surface-2: nodel-node2-noded
surface-3: node2-node3-node4
surface-4: nodel-node4-node3

Step 1: Derive the shape functions of C3D10:
c“pl(& n.6)=(2t,-1),

¢, (&m.6)=(2t, -1t
0;(Em.0)=(2t,-1)t,
¢, (&m.6)=(2t, -1)t,
¢s(&m, ) =4tt, (34)
(Pe (& n Q):4t2t3
¢7(§HC)=4tt
Ps (€M, C) = 4tt,
9(@ n ) a1,
(P10 (&:ﬂy C) =4t,t,
where
t(&n¢)=1-£-n-¢
t,(&nC)=¢ (35)
ts(é,n,f;)=n
t,(&n.¢)=¢
Step 2: Create the N matrix for interpolation
(’I\)l 0 0 (’bz 0 o - (’[\)10 0 0
N={0 & 0 0 & 0 - 0 @, O (36)
0 0 ¢ 0 0 o, ... 0 0 @

Thereby, the field variable could be interpolated as

11
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u

iy

\'

=

[N

w
u

N

Vv

c
I
<
I
Z
c
I
zZ

w (37)

In addition, the field domain coordinate could be interpolated as

(38)

Y10

ZlO

Step 3: Create the C matrix by the nodal coordinates

Xy X, 0 X
C= Yi Yo o Yoo (39)
Zy Z, - Iy

Step 4: Create the H matrix by the derivatives of the shape functions
[ 00, 09, 0, |
o on L
0p, 09, 00,
H=| 6¢ on ¢ (40)

0Py, 00y, Oy
ac  on  dQ

Step 5: Create the J matrix

12
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o
I
R (R

az
|98

a
on

OX
a
(07 =CH
ac
0z
a |

(41)

whose determinant |J| relates the differentials between the field domain and the

computation domain.

dxdydz = |J|d&dndg

Step 6: Create the T" matrix

0%, 0% O |
OX oy 0z
09, 0, 00,
=l ox oy o0z |[=HJ*
8(,I\)lo a(’l\)lo a(APlo
| oXx oy oz |

Step 7: Create the B matrix for interpolation

0
0

0 - Ty 0 0]
0o - 0 I, O
Ly oo 0 0 I 103

I Ty 0
Iy o T 0 Ly
Iy oo 0 lis T i

Thereby, the derivative of field variable such as strain could be interpolated as

o
I

=Bu

Step 8: Create the D matrix (plane stress/plane strain)
13

(42)

(43)

(44)

(45)
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2u+A A A 0 0O
A 2u+A A 0 0O
A A 2u+A 0 0 O
D= H (46)
0 0 0 p 0 O
0 0 0 O np O
0 0 0 0 0 pjf
where p and A are called Lame constants.
2(1+v) 47)
B Ev
(1+ v)(l— 2v)
Step 9: Create the K matrix (i.e., the stiffness matrix)
1p1€ pltn g
K = jo jo jo B'DB|J|d&dndg (48)

11.4 C3D20 element

Fig. 5 C3D20

The shape of the element is shown in Fig. 5. About the name C3D20, “C” is
short for “Continuum”, 3D is short for “3 dimension”, 20 stands for “20 nodes”.
Convention for the edge numbering:

Surface-1: nodel-node4-node3-node?2
14
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Surface-2: node5-node6-node7-node8
Surface-3: nodel-node2-node6-node5
Surface-4: node2-node3-node7-node6
Surface-5:  node3-node4-node8-node7
Surface-6: nodel-node5-node8-node4

Step 1: Derive the shape functions of C3D20:

¢, (&m.6)=(1-€)(1-n)(1-¢)(-2-&-n-C)/8
,(&m.C)=(1+&)(1-n)(1-¢)(-2+&-n-C)/8
5 (Em.0)=(1+8)(1+n)(1-C)(-2+E+n-C)/8
4 (&m,)=(1-€)(1+n)(1-C)(-2-&+n-L)/8
s (Em.6)=(1-8)(1-n)(1+C)(-2-E-n+¢)/8
P (81.6)=(1+&)(1-n)(1+C)(-2+E-n+C)/8
¢, (6. 0)=(1+&)(1+n)(1+)(-2+&+n+C)/8
Py (E:m,0) =(1-8)(1+n)(1+C)(-2-E+n+C)/8
s (8m,6) =(1-8")(1-m)(1-6) /4 $y(Em.C)=(1+E)(1-n)(1-¢) /4
o (6M.6)=(1-87)(1+n)(1-6) /4 Gy, (Em.C)=(1-8)(1-7*)(1-¢) /4
i (&m,6) =(1-8")(1-n)(146) /4 $u(EmC) = 1+a )(1-7%)(1+¢) /4
Pis (EM,6) =(1-8) (1+m) (140) /4 Gy (&M, 6) =(1-8)(1-7")(1+¢) /4
b (8M,6)=(1-8)(1-n)(1-8) /4 By (EM.C)= a)l n)(1-¢ )/4
Bio (Em,6) = (1+8)(1+)(1-87) /4 By (8,0.6) =(1-8)(1+m)(1-¢ /4

Step 2: Create the N matrix for interpolation

(bl 0 0 (bz 0 0o - (bzo 0 0
N=|0 (bl 0 0 (bz 0 - 0 (Apzo 0
00 ¢ 0 0 & ... 0 0 oy

Thereby, the field variable could be interpolated as

15

(50)



Lecture 11 3D solid elements Yanhui Jiang

u

iy

V

[uN

-

w
u

N

\

c
I
<
I
Z
c
I
zZ

w, (51)

In addition, the field domain coordinate could be interpolated as

(52)

Y20

| Z20

Step 3: Create the C matrix by the nodal coordinates

Xy Xy, o Xy
C= Yi Yo 0 Y (53)
Z, 2, - Iy

Step 4: Create the H matrix by the derivatives of the shape functions
[ 0p,  0p, 0P, |
o0& on oC
0p, 0, 0¢,
H=| 0 on oC (54)

00y, 00y, 0Py
& om A&

Step 5: Create the J matrix

16
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o
I
R (R

oz
|98

oz
on

OX
a
(07 =CH
ac
0z
a |

(55)

whose determinant |J| relates the differentials between the field domain and the

computation domain.

dxdydz = |J|d&dndg

Step 6: Create the T" matrix

I'=| oX

oy

00y 0Py Oy

09, O 09, |
OX oy 0z
09, 09, 0¢,
oz |=HJ™

OX

9%

0z

Step 7: Create the B matrix for interpolation

0
0

o
I

0 T, 0 0]
0 0 TI,, O
1—‘23 O 0 1—‘203
O 1—‘202 1—‘201 O
1—121 1—‘203 0 1—‘201
1—‘22 O 1—‘203 1—‘202_

=Bu

Step 8: Create the D matrix (plane stress/plane strain)
17

(56)

(57)

(58)

(59)
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2u+ A A A 0 0O
A 2u+A A 0 0O
A A 2u+A 0 0 O
D= H (60)
0 0 0 p 0 O
0 0 0 O np O
0 0 0 0 0 pjf
where p and A are called Lame constants.
2(1+v) (61)
B Ev
(1+ v)(l— 2v)
Step 9: Create the K matrix (i.e., the stiffness matrix)
1 1 1 T
K= [] B"DB[3|dzdnds (62)

Remarks:

In engineering practice, 3D analysis is usually expensive. It is common to
simplify a 3D problem to a 2D one. In addition, coarse mesh and low order elements
are preferred at the initial prediction. As the computer technology progresses, 3D solid
elements get more and more popular in engineering practice. In some circumstances,
3D solid element show more advantage, especially for those 2D elements are not

suitable.

18
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Lecture 12 Axially symmetric elements

In this lecture, we will briefly introduce the axially symmetric solid elements.
These elements are used for axially symmetric structures, e.g. a hollowed cylinder as
shown in Fig. 1. These elements are essentially 3D solid elements but have similar

shape functions as that of 2D case.

A\ €3 A e
/-—'_--... - _,.-—-_--_--:.
N ICDI p b -______‘:ﬁ
1 1
| :
1 1
I P L
1 _ L _ e 11 1 e
<o X= \ S-S
9 e P — -
€

Fig.1 A hollowed cylinder and its coordinate system

12.1 CAX3 element

(0,1)

(0,0) (1,0)

Fig.2 CAX3

The shape of the element is shown in Fig. 2. About the name CAX3, “C” is short
1
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for “Continuum”, AX is short for “axial symmetric”, 3 stands for “3 nodes”.

Convention for the edge numbering:
edge-1: nodel-node2
edge-2: node2-node3

edge-3: node3-nodel

Step 1: Derive the shape functions of CAX3:
(bl(i,n)=1—i—n
(APz (&, n) =&
¢;(&m)=n
Step 2: Create the N matrix for interpolation
N{epl 0 4, 0 0}
0 ¢ 0 & 0 o
Thereby, the field variable could be interpolated as

1

5N

N

N

w

u
Vv
u
\Y
u
\Y

3

Remarks:

This step is quite similar to that of the plane stress/plane strain case.

2

1)

(2)

3)

4)

Notice the
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coordinate is denoted as (r, z).

Step 3: Create the C matrix by the nodal coordinates
A A ¢
C — |: 1 2 3 :| (5)

Step 4: Create the H matrix by the derivatives of the shape functions

0%, O |
% on
Ho| 99 09, (6)
o5  on
995 00,
| 0&  On |

Step 5: Create the J matrix

or or
% on
0z oz
% on

=CH (7

whose determinant |J| relates the differentials between the field domain and the

computation domain.

drdz =|J|d&dn (8)
Step 6: Create the T" matrix
or 0z
r=| 99 00 |_ 15 (9)
or oz
L or 0z |

Step 7: Create the B matrix for interpolation
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o 1, 0 I, 0 I,

B=| . R R (10)
(Pl/r 0 (Pz/r 0 (P3/r 0
1_‘12 1_‘11 1_‘22 1_‘21 1_‘32 1_‘31
Thereby, the derivative of field variable such as strain could be interpolated as
_ a -
or
g, ov
g=| 2 |=| 2 |=Bu, (11)
€y u
yl’Z r
ou ov
_+_
L0z or
Step 8: Create the D matrix (axially symmetric case)
21+ A A A 0
A 21+ A A 0
D- o (12)
A A 2u+i 0
0 0 0 u
where p and A are called Lame constants.
2(1+v) (13)
B Ev
(1+ v)(l— 2v)
Step 9: Create the K matrix (i.e., the stiffness matrix)
2n pl pl-E
K=|"] | "BTDB|J|rdodedn ”
= 2n[. [ *B"DB|J|rdedn
04J0

12.2 CAX4 element
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1
(1, 1) (1, 1)
¢
4 3
3
1 2
[ ®
(-1,-1) (1,-1)

Fig. 3 CAX4 element

The shape of the element is shown in Fig. 3. About the name CAX4, “C” is short
for “Continuum”, 2D is short for “axially symmetric”, 4 stands for “4 nodes”.

Convention for the edge numbering:

Edge-1: nodel-node2

Edge-2: node2-node3

Edge-3: node3-node4

Edge-4: node4-nodel

Step 1: Derive the shape functions of CAX4:

¢, (&m)=(1-¢)(1-n)/4
6. (Em)=(L+E)(1-n)/4 -
$3(&m)=(1+E)(1+n)/4
¢4 (&m)=(1-¢)(1+n)/4
Step 2: Create the N matrix for interpolation
N{c“pl 0 o 0 b 0 b, 0} (16)
0 ¢ 0 ¢, 0 ¢ 0 o
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Thereby, the field variable could be interpolated as

< C
N [ [

N

(17)

w

S

< ©C < ©c < C©
w

IN

In addition, the field domain coordinate could be interpolated as

r Z,
X = u =NX, =N (18)

h fh L T
c{ } (19)

Step 4: Create the H matrix by the derivatives of the shape functions

0, 09, |
& on
0p, 0,
| % 0N (20)
99; 005
& on
0, 0,
5 on |

Step 5: Create the J matrix
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or o

3| % M _cy 1)
az oz
g on

whose determinant |J| relates the differentials between the field domain and the
computation domain.
drdz =|J|d&dn (22)

Step 6: Create the T" matrix

or 0z
r=| & 9 |_py (23)
0p; 095
or 0z
L or 0z |

Step 7: Create the B matrix for interpolation

r, o ry, 0 Iy, 0 I, O
0 Iy 0 I, 0 Ty 0 I,

B=|. R R R (24)
G/t 0 /r 0 @fr 0 @ /r O
1_‘12 1_‘11 FZZ 1_‘21 1_‘32 1_‘31 1_‘42 1_‘41
Thereby, the derivative of field variable such as strain could be interpolated as
_ a .
or
g, ov
i=| 2 |=| 2 |=Bu, (25)
&y u
yl’Z r
ou ov
_+_
Loz or

Step 8: Create the D matrix (axially symmetric case)
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2u+h A A
A 2u+h A
A A 2u+A
0 0 0

D= (26)

T O O o

where p and A are called Lame constants.

E
H= 2(1+v) =G
Ev
(1+ v)(l— 2v)

(27)

Step 9: Create the K matrix (i.e., the stiffness matrix)

_ 2n 1 el T d d d
K= {_1{_13 DB |J| rd6dédn o8
=2n[ [ B"DBJ|rdedn

Remarks:

In the above, it is shown that the procedure to evaluate the stiffness matrix is
quite similar to that of 2D cases. In contrast to 2D plane stress/strain element, we see
that the B matrix and D matrix are apparently different. In addition, the stiffness
matrix is also different. Herein, we just show the axially symmetric linear elements
CAX3 and CAX4. It is easy to generalize the procedure and apply it to the quadratic

elements CAX6 and CAXS.
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