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Single crystal silicon (SCS) is widely used in the design of semiconductors. In order to
better understand and predict its fracture behavior, a 3D phase-field approach is proposed
to simulate its brittle fracture. A modified phase-field model is proposed by incorporating
the anisotropic fracture toughness of SCS into its formulation. The critical energy release
rate is determined by finding the most probable cleavage direction (i.e., the direction of the
maximum tensile principal strain component of the local strain tensor). An iso-parametric
monolithic finite element algorithm is then developed using four-node tetrahedral elements
and eight-node hexahedral elements to predict crack initiation and crack growth direction
in an SCS brick specimen under uniaxial extension. The result agrees well with the analyt-
ical solution. In addition, brittle fracture of an SCS tapered double cantilever beam is sim-
ulated. Analysis result agrees well with the experiment, such as compliance versus crack
length and the crack growth direction. [DOI: 10.1115/1.4072091]
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1 Introduction

Single crystal silicon (SCS) as a crystalline material is widely
used in semiconductor industries, and in the design of integrated
circuits [1], solar cells [2], lithium-ion batteries [3], bio-sensors
[4], and MEMS [5] due to its remarkable electrical properties
(e.g., dopant controlled electric conductivity) [6] and good
mechanical properties (e.g., relatively high elastic modulus,
strength, and thermal resistivity) [7]. In order to develop reliable
semiconductors made of SCS, it is essential to understand its frac-
ture behavior and its prevention. However, based on our literature
review, there is very little work on understanding and modeling the
fracture behavior of SCS by considering its anisotropic elastic
behavior and fracture toughness. This article presents a new 3D
phase-field approach to simulating the brittle fracture of SCS that
is anisotropic in both elasticity and fracture toughness. The
approach developed in this article can be used to understand the
fracture process and prevention of other single-crystal brittle mate-
rials (e.g., Germanium) and even some anisotropic brittle materials
such as meta-materials [8], wellbore cement [9], woven carbon
composites [10], and welding joints of aluminum alloys [11].

In phase-field models of fracture, the crack nucleation and
growth path is commonly depicted by finding a material state var-
iable called phase field (an analogous concept from Ginzburg—
Landau theory about phase transition [12]), whose evolution is
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governed by a reaction-diffusion-equation-like equation that is
usually derived from a regularized variational principle (e.g., prin-
ciple of minimum potential energy) obeying Griffith’s theory.
Thereby, crack nucleation and growth path could be obtained by
considering the contour of the phase field. This approach mainly
has two advantages over discrete approaches (e.g., extended
finite element method). The first is that it avoids the complexity
of tracking crack topology from discretized underlying meshes.
The second is that no ad hoc crack propagation criterion is intro-
duced. Due to these merits, phase-field models of fracture have
achieved many successful applications during the past several
decades, especially in predicting complex crack patterns (e.g.,
nucleation, propagation, branching, kinking, and coalescence of
cracks). It has been applied to understand fracture of thin films
[13,14], fracture of porous media [15,16], fracture of biological
tissues [17], and other complex materials [18] (e.g., heterogeneous,
anisotropic, and architected).

SCS considered in this article belongs to the genre of single-
phase anisotropic brittle materials. Its anisotropy is essentially
due to the face-centered cubic lattice structure at the atomic
length scale. There is very little investigation on how to incorporate
anisotropic fracture toughness into the phase-field fracture model-
ing of SCS, or more generally speaking, single-phase anisotropic
brittle materials. Hakim and Karma [19] assumed surface energy
took the form of a Taylor expansion about the small angle near a
cleavage plane. Terms in the Taylor expansion, which are of
order higher than two, are omitted. Clayton and Knap [20] modified
the surface energy term in the classical phase-field formulation by
introducing a second-order structural tensor into the gradient inner-
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product term of the crack surface density function. This method is
further improved by Nguyen et al. [21], where multiple phase fields
were introduced. Li et al. [22] proposed using the extended Cahn—
Hilliard model [23] with the second-order derivatives of the phase
field to account for anisotropic surface energy. Teichtmeister et al.
[24] introduced the derivatives of the phase field up to the second
order into the so-called anisotropic crack surface density function
enriched by the second- and fourth-order constitutive tensors.
Zhang et al. [25] modified Clayton and Knap’s method by replac-
ing the second-order structural tensor by a parameter dependent on
the normal direction to the crack surface. The above-mentioned
models all take advantage of extra constitutive terms (i.e., addi-
tional material parameters) or higher-order gradient terms of the
phase field to address fracture dependence on different directions.
This approach mathematically maintains the coercive property of
phase-field formulation (i.e., existence and uniqueness of solution)
by structural tensors; however, no physical meanings of additional
material parameters are provided. Furthermore, it is computation-
ally expensive. Rezaei et al. [26] proposed a modified phase-field
formulation accounting for direction-dependent critical energy
release rate, where they assumed the crack direction was normal
to the local phase-field gradient, without any physical justifications.

Based on the above literature review, we propose a 3D phase-
field approach to simulating the brittle fracture of SCS that is aniso-
tropic in both elasticity and fracture toughness. The difficulty of
incorporating anisotropic fracture toughness of SCS into phase-
field simulation is addressed by introducing a direction-dependent
critical energy release rate in a modified phase-field formulation. In
our formulation, we assume the crack direction (i.e., normal to the
cleavage plane) is determined by the maximum tensile principal
strain component of the local strain tensor. It is worth mentioning
that we choose the strain component instead of the stress compo-
nent because SCS is essentially brittle and strain is more straight-
forward to measure crack topology. Once the most probable
cleavage direction is obtained by a spectral decomposition of the
local strain tensor that is defined in a global spatial coordinate
frame, it would be mapped to the crystallographic orientation of
the local material coordinate frame by a rotation transformation
based on three specified Euler angles. The critical energy release
rate corresponding to the crack growth direction is then obtained
by our proposed constitutive model. This method is significantly
different from those proposed by others. To incorporate the consti-
tutive model into finite element analysis (FEA), an iso-parametric
monolithic finite element algorithm is then developed using four-
node tetrahedral elements and eight-node hexahedral elements.
To benchmark our implementation, the numerical results of FEA
are compared to the analytical solution of a brick SCS specimen
under uniaxial loading. To demonstrate our computational capabil-
ity for real problems, the proposed approach is applied to simulate
the fracture process of SCS specimens with different geometries/
loading conditions, and compared with those obtained experimen-
tally. The rest of the article is organized as follows. Section 2 intro-
duces the continuum theory and finite element formulations.
Section 3 presents the results of two numerical simulations and
their comparison with the analytical/experimental results. Con-
cluding remarks are given in Sec. 4.

2 Continuum Theory and Finite Element Formulations

Brittle fracture is mainly controlled by strain energy release rate
and crack surface energy. Spontaneous and catastrophic fracture
takes place when the strain energy release rate is greater than the
energy required to create new surfaces. This is the well-known
Griffith’s argument that forms the basis of classical Griffith
theory and further inspires the emergence of phase-field theory
by Francfort and Marigo [27]. For a linear elastic body with config-
uration Q and boundary 0Q in a quasi-static loading setting, the
classical phase-field theory for brittle fracture can be formulated
by considering the total potential energy II, which consists of
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elastic energy Ilgic, surface energy Tl uce, and external energy
Iexsernar in the following form:

H(ua ¢) = Helustic(ua ¢) + H.\'mface(¢) - Hexternal(u)
=j lg(¢)6:edV+j Gey(p)dv — j f- udV—J t-udA
92 Q Q oQ
ey

where u denotes the displacement field, ¢ denotes the phase field
that takes a range from O to 1. Based on a convention, ¢ =0
usually represents an intact material state, and ¢ =1 represents a
totally broken state, where g(¢p) = (1 — ¢)? is the stress degradation
function that accounts for strain energy release due to fracture,
e=(Vu+uV)/2 is the infinitesimal strain tensor, ¢ = C:€ is the
Cauchy stress tensor related to the strain tensor by a fourth-order
elastic constitutive relation tensor C. G. is the critical energy
release rate, and }/((/}):2'—10(/)2+%"V¢~V(/) is the crack surface
density function proposed in [28]. [y is a regularization parameter
related to the bandwidth of crack topology. A sharp crack topology
will be ideally reached in the context of I'-convergence theorem
when [y approaches zero [29]. f and t are the applied body force
and surface traction, respectively. dA denotes a differential
surface area, and dV denotes a differential body volume.
By using the principle of minimum potential energy

arg min I1(u, ¢) 2)
w,¢el0.1]

the classical equilibrium equations are obtained by calculating the
variation of the total potential energy functional with respect to
each variable.

(1) Force balance equation
Sl(u, ¢)[6u] = j g(¢)e:6edV — j f - SudQ
Q Q
—J t-SudA=0 3)
Q
(2) Phase-field evolution equation
i, $)I5g] = j TR y—
Q

1
+J Gc<l—¢6¢ + Ve - V5¢>dV= 0
Q 0
4
The governing differential equations for the stress field and

phase field along with their corresponding natural and essential
boundary conditions are then derived and summarized as

V el +f=0 no

glpmn-c=t on 0Qy

u=u on 0QG

Gl — BAG) /I = (1 - po:e inQ )
n-V¢=0 on 082y

b=¢ on oQ;

The above phase-field model is classic. However, to make the
model more physically accurate, we further modify the differential
equation governing phase-field evolution.

(1) We consider the fracture is an irreversible thermodynamic
process [30], a state variable called history-field is intro-
duced and defined as

H = max [6(s5):e4(s)] (6)
s€[0,1]
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where s is an artificial time variable, ¢ denotes the current
loading time, €, is the positive part of the strain tensor &
from spectrum decomposition

3
e= Z en; @ n; @)

i=1

where ¢; and n; denote the ith principal value and corre-
sponding principal direction, respectively. The positive
part of the principal strain tensor is defined as

e, =(g) MmN ®)

where the bracket operation is defined as

(e)y=(ei+ |&il)/2 )

The positive Cauchy stress tensors can be obtained using mate-
rial constitutive relations.

6, =Ce, (10)

(2) We consider that the critical energy release rate is direction
dependent. The energy release rate is considered to be a
function of the material crystallographic direction m,
which is defined in the local material coordinate frame, as
G.(m). The energy release rate is an intrinsically material
property and is determined by the material constitution of
SCS. In computation, the material crystallographic direction
m is locally determined by the strain field or the stress field.
For example, one may assume that m coincides with the
direction of the maximum tensile principal strain (assumed
in the paper without loss of generality), or the maximum
tensile principal stress (for highly anisotropic materials).

After modifications, the governing differential equations for the
stress field and phase field along with their corresponding natural
and essential boundary conditions are summarized as

V- Igp)el +f=0 nQ

glpm-oc=t on 0Qy

u=u on 0Qg

Gom)(p — BAD)/ly=(1 - YH inQ (1D
n-V¢=0 on 0Q

p=¢ on o<,

and the corresponding modified weak formulations are derived and
organized as follows:

Jo&(@)e:5edV — [ f - SudV — [, t- SudA =0
[o=(1 = p)HEPV + [ ,Ge(m) (ll D5 + 15V - Vaqs) av=0
o

12)

The derived field equations are nonlinear and coupled. An
incremental-iteration numerical solution approach is therefore
applied. The numerical scheme using the iso-parametric finite
element method is developed by considering our proposed consti-
tutive laws of SCS based on the anisotropic elastic modulus and the
anisotropic critical energy release rate G.(m).

We present how the various material properties are evaluated
using available experimental data of SCS. The constitutive equa-
tions and the critical energy release rate are evaluated by introduc-
ing two coordinate systems, local and global. The local material
coordinate frame with unit orthogonal basis vectors is denoted as

{E1, E, E3} (13)

These vectors are along the symmetry planes of the cubic crystal
structure of SCS and are referred to as the X-axis, Y-axis, and
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Z-axis. Considering Miller’s indices, these directions can be pre-
sented as

E, = (100)
E, = (010) (14)
E; = (001)

In the material frame, the elastic constants of tensor E are
obtained experimentally and presented in Ref. [31]

Evi11 = By = Es333 = 165.7 GPa

Evin2 = Evi3s = Exnn = Exas = Esznn = Eszn = 63.9 GPa

E\313 = E1331 = E3113 = E3131 = 79.6 GPa (15)
En303 = Exszn = E3203 = E3232 = 79.6 GPa

E212 = E1p1 = Ezj12 = Ea121 = 79.6 GPa

The second frame is a global spatial coordinate frame with unit
orthogonal basis vectors denoted as

{e1, e, €3} (16)

These vectors are along the axes of a global computational coor-
dinate system, namely, the x-axis, y-axis, and z-axis, respectively.
Furthermore, the global spatial basis vectors can be expressed in
terms of the local material coordinate frame as
e =R E| + RE; + Ri3E;
€ =Ry E| + RnEs + RyzEs (17
€3 =R31E| + RpEs + RzE;

where the rotation matrix R can be defined as

Ri1 R Ry
R=| Ry Rn Rn (18)
R31 Ry Rs;

The components of the rotation matrix R;; are the cosine direc-
tors of global coordinate axes with respect to the local system.
Note that this matrix also represents a second-order transformation
tensor. Alternatively, the rotation matrix can be obtained by using
Euler angles {¢, 6, w}. The transformation from the local material
coordinate to the global direction can be obtained by considering

[ cosgp sing O] cosd 0 —sinf
, Ry= 0 1 0 R

sinf 0 cosé

R,=| —sing cosg O
0 0 1
cosy siny O
0
1

R, =| —siny cosy
0 0

19)

Figure 1(a) shows the Euler angles for this transformation. The
rotation matrix is evaluated as

R=R, Ry R, (20)

For example, the Euler angles in the unit of radians for three
typical crystallographic orientations are listed as

{g, 0, w}!"" =1{0,0,0)
(9, 6, )10 = {acrsin<1/ﬁ), 0, o} o)
{p, 0, y} 1) = {acrsin(l/ﬁ), - acrsin(l/\/g), O}

After the determination of the rotation matrix, the component of
the elastic tensor C in the global spatial frame could be evaluated
using the rotation transformation and the known elastic tensor E
given in the local material frame

Cijn = RiRjiRix RiLErxeL (22)
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Next, consider the critical energy release rate G.(m). The critical
energy release rates for typical cleavage orientations of SCS are
reported in Ref. [32]

G (m"") =G =4.26N/m
G (m"?) =GM"” =3.02N/m (23)
G (m""") =G"" =2.92N/m

where the crystallographic directions are given as
m!" =1, 0,0]"
m1o = [1/«/2, 1/v/2. O]T (24
m1h = [1/J§, 1/v/3, 1/«/§]T

The critical energy release rate G.(m) in any unit direction of
material local coordinate m = [X, Y, Z]” is obtained using an inter-
polation. Considering symmetry conditions, an even polynomial
interpolation of orders 2, 4, and 6 are adopted. The critical
energy release rate at any local direction is presented as

GC.X,Y,Z) =X+ Y+ )1 + X* + Y+ ZHNtr + X+ YO+ Z%) 5
(25)

where a;, ay, and a3 are determined using the critical energy
release rate given in Eq. (23).

1 1 1 a) 4.26
1 05 0.25 ap | =] 3.02 (26)
1 03333 0.1111 | | o3 2.92

The coefficients of the interpolation function are obtained as

a) 3.19
a | =] =175 27
a3 2.82

The critical energy release rate G.(m) in any direction of mate-
rial coordinate is described by a function as

G.(m)=3.19-1.75X* + Y* + Z) +2.82(X° + Y° + Z% (28)

Figure 1(b) shows the critical energy release rate in different
directions of the material frame. Note that for the unit vector,
Im|=1,X>4+Y>+272=1.

The proposed interpolation method to approximate the aniso-
tropic critical energy release rate of SCS is not unique. Another
possible way [28] to obtain the critical energy release rate in any

(a) z <001>

direction is by assuming the critical stress intensity factor of SCS
is invariant with respect to different orientations

K. =1MPaym (29)
Then the critical energy release rate is determined from [28]

Gc(aﬂr) _ KE/E(aﬂr) 30)

where E{) is Young’s modulus along Miller’s direction (afy)
[31]. Figures 2(a) and 2(b) show Young’s modulus E{Pr) and

the critical energy release rate GCWW), respectively.

This method is theoretically straightforward. However, experi-
ments show that K. of SCS is not a constant and its variation in dif-
ferent directions is even large [33]. In addition, this method is
computationally expensive in contrast to the interpolation
method. Herein, we adopt the interpolation method to evaluate
the direction-dependent critical energy release rate. Thus, the
remaining problem is to determine the material crystallographic
direction m that is related to the specified Miller’s direction (aﬂy)
and the specified Euler angles {¢, 0, v}.

In our formulation, the direction m (i.e., normal to the cleavage
plane) is defined as the direction of the maximum tensile principal
strain component of the local strain tensor. Its mapping to the
global spatial frame by a rotation transformation leads to a direc-
tion n,, as

n,=R-m 31

This relationship would be used later in the derivation of finite
element formulations.

We further present a finite element procedure that could numer-
ically solve boundary value problems involving the phase-field
models of brittle fracture of SCS as discussed above. In the proce-
dure, the standard iso-parametric finite element technique is
adopted to develop element equations. Herein, concerning 3D
problems, we start with the unstructured tetrahedral linear
element (i.e., Tet-4, C3D4), see Fig. 3(a), whose shape functions
are given as

P& n)=1-8-n-C¢

(?2(5’ n, Q = 5 (32)
P3&n. O =n
Ps(&m. O =¢

<001>

(b)

<100> <010>

2o [N/m|
I .
30 32 34 36 38 40 42

Fig.1 (a) A schematic showing the definition of Euler angles ¢, 6, and y, and (b) 3D plot of crit-
ical energy release rate in the material frame (interpolation method)
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(a) <001>

<100> <010>

130 140 150 160 170 180 188

(b) <001>

<100> <010>
— [N/m]
_——— | —

5.5 6.0 6.5 7.0 7.5

Fig. 2 (a) 3D plot of Young’s modulus in the material frame, and (b) 3D plot of critical energy
release rate in the material frame (assuming constant critical stress intensity factor K.)

The corresponding derivatives of the shape functions are orga-
nized in the matrix form as

o8 oy o
Oy Oy 09y | [-1 -1 -1
e @ a| |1 0o o
=V ey oy oo |[T[ 0 1 of
O on oc 0O 0 1
L o on o¢ |

By the shape functions, the displacement field and phase-field
inside an element could be interpolated as

4
w =y pn(En, Ou
N=1

4
0=y py(En, Ou
=l (34)

4
us=Y  on(&n, Oul
N=1

4

d=> oy n "

N=1

These equations could also be organized in vector-matrix form
as

_“i-
“
uj fﬂl O 0 @4 0 O u3
u=|uw|=|0 ¢ o 0 ¢, 0 =N, u,
| L0 0 @ 0 0 ]|,
L U3 |
(35)
and
o
p=lon o2 o3 ]| 5 [=Ne-d. (36)
o
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The coordinates of the four nodes of an element could also be
presented in the matrix form as

D S I
X=X X3 X3 X3 (37)
XX XX

The Jacobi matrix is defined and evaluated as

X, X oXi
o o o
e, ax, ax |
=% o & |=XH (38)
Xy 0% 0,
o o o

The derivatives of shape functions with respect to global coordi-
nates are evaluated and organized as

0X, 0X, 0X3
0X1 X, 0Xs .
= . . . =H-J (39)
O 0p3 O3
0X; 0X, 0X;3
LoX, 0X, 0X5 |

The strain vector is then evaluated as

- 1

U
»
€11 'y 0 0 -4y O O 2
%3 0Ip O 0Ty O ul
€ €33 0 0 l—‘13 - 0 0 F43
= = =B,-u, (40
Y12 F'plip 0 -~ Tyl O : . (40)
731 i3 0 Ty Tys 0 Ty || u?
723 0 TiyTiz oo 0 T3 Tia |
Luf |

where over-head tilde means a vectorization of the strain/stress
tensor. The gradient of the phase field is evaluated as
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4 -~
9
('Is Ia '1) gl
= (1, 1,-1)
1,0,0 0,1,0 ¢-1,-1,-1)
( ) ( ) (1,-1,-1)
Fig. 3 Schematic diagrams of (a) tetrahedral (Tet-4, C3D4) and (b) hexahedral (Brick-8, C3D8)
elements
?, Iy I Iz Ty gl
Vop=|d, |=|Tin T Ty Tnp (ﬁz =By - ¢, (41)
$3 'z T';y; Iz Ty ¢3
4

The element equations can now be developed by inserting Eq. (35), Eq. (36), Eq. (40), and Eq. (41) into the weak formulations,
i.e., Eq. (12), by using Galerkin orthogonal conditions. The element equations for the displacement field and phase field are pre-
sented as

f.(u., )= [,8(@BL - C-B,dV-u,— [ [N -£fdV— [ NI -tdA=0
1
fy(u,, §,) = [o—(1 — PIHNAV + [,G.(m) (EN; “Ny +loBy, - B,,,)dV ¢,=0 (42)

H = max [65(s) - E4(s)]

Note that the fourth-order constitutive tensor C is substituted by a 6 x 6 matrix C.

The discretized system of equations is essentially nonlinear and coupled. It can be solved by using either a monolithic algorithm or
a staggered algorithm. Herein, a monolithic algorithm based on the Newton—Raphson method is adopted to solve the system of equa-
tions. In the algorithm, the consistent Jacobi matrices are required to achieve quadratic convergence. They are derived and presented
as

.
1(55}:a =j g(@)B! - C-B,dV (43)
ou, Jgq
of j
(e) u T
@=—C=| -2(1-¢)Bl -6 -Nyav (44)
AT P ’
© Mo Nt Nyav+ | Gum)(NT N, + 10BT - B, )av 45)
e a‘/’e Q ¢ Q b / ¢

However, for the matrix KE;; = a—'ﬁ obtaining its explicit expression is not trivial. Here, we introduce details of its derivation.
U,

First, let’s consider the history variable H as a function of displacement. Its derivative is given as

dH _ dH d&, d&
du,” d&, d& du,

(46)

dd . dg < dg . . . . “ -

where e 261 and o B,. To evaluate €, and d—:' we use tensor notation for its convenient presentation. For the €., a projection
€, U, €

tensor P in the principal frame is defined as

e, =Pe=[Pym ®n, ®n ®n, +Pypn ®n, ®n, @n, +P333n3 ®n; @03 @0y J:(e1n; @ Ny + &M @ N, + £303 @ Ny)
47)
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where

1,&>0 .
Piiii—{o’ 61‘50’1_1’2’3 (48)

Given the principal directions of spectrum decomposition of the
strain tensor

n na n3
n=|np |, m=|ny|, i3=|n3y (49)
ni3 n3 n33

the corresponding transformation matrix could be constructed as

niy Ny N3
T=|no np nxn (50)
ni3 o N3 N33

the projection tensor in the global spatial frame could be evaluated
by frame transformation as

The matrix form of the fourth-order tensor P is derived as

P Pum Puss Pu Pz Pu
Ppi Pz Pxmss Puiz Paiz Pons
p=| P»u Pumn Pass Puin Puis o Py (52)
2P 2P 2Piass 2Pz 2Piois 2Pios
2Pi3i1 2Pian 2Pisss 2Pi3iz 2Pz 2P
2Px311 2P 2P233z 2Pz 2Paaiz 2Poss
Thereby, one arrives at
£ én
€ €2
;
~ €33 €33 ~
€, = =P- =P & (53)
i 128 712
73 731
£ 723

Next, we consider the term dd% in the principal frame using tensor
notation as well. By knowledge of tensor analysis, the fourth-order

P = TuTyTix TirPuke (51) " derivative tensor is derived as
de, de d(e
Q=d—+=&n1®n1®nl®n1+ (2>+n2®n2®n2®n2
£ d€1 153
d(e
+&n3 ®n; ® n; @ n3
d£‘3
+Mn1®nz®n1®n2+an®n1®n2®n1 (54)
£l — & &) — €]
T P NN Gl Gl D S S ey
€1 — &3 €3 — €]
e3), — (& &), — (&
Ll (el e em e+ 2 T e @, @
€3 — & &) — &3
where Using the above formulations, Eq. (46) is evaluated in a matrix
form as
d(gi)+_ 1,8[>0 .
de ~|0e<0 i ThE3 (53) dH _dH d¢, d&

Similarly, by the frame transformation, one has

Qi = TuTuTix T Quie (56)
and its matrix form
(:21111 (:21122 (:21133 sz Qms ans
Quii Qux Qs Quniz Quiz Quns
Q= Qaain Qe Qazzz Quaiz Qaaiz Qi
2Qu11 2Qu» 2Qpaz 2Q22 2Quziz 2Qpy
2Qu311 2Qu3n 2Quaaz 2Q312 2Quziz 2Quan
2Q311 2Qu3 2Qp333 2Qa312 2Qp313 2Qa323
(57)
or
de-l'—l dé‘]]
dé‘;z d€22
~ d€+ dé‘;g ~
de, = B1=Q- < =Q-dg 58
+ dy-li-z Q d}’12 Q ( )
d?’;l dys
dr3, dyy
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=25 -Q B, (59)

du, diﬁgdue

Next, let’s consider the critical energy release rate G.(m) as a
function of displacement.

dG; _dG,; dm dn,, dg

= — 60
du, dmdn,, dé du, (60)
For the first term ‘ﬁ using Eq. (25), one has
dG, oG, 0G. O0OG,
= = 1
dm [ax dy az} Bm ©D
For the second term, using Eq. (31), one has
d
M _R7 (62)
dn,,

The last term, it is already known f—j =B,. So, let’s focus on the
third term ‘I;g’. Similar to the previous derivation, we use tensor
notation. Recall that n,, is defined as the principal direction of
the largest positive principal strain, for example, if & >0,
£1 > &, €1 > €3, then n,, = n;. For the convenience of discussion,

we introduce the following notation to represent the possible
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permutation of the indices of the principal strains:

(1,2, 3), if81>0, E1 > &2, E1 > &3
(m, r, S) = (2, 3, 1), if£2 >0, &) > €3, E) > € (63)
(3,1,2), if83>0, E3 > €1, E3> &

In the principal frame, the third-order derivative tensor is readily
derived as

dn,, 1

S=E=2(em—s,)

nr®nr®nm+ ns®ns®nm

1
2(8711 - gs)

n; ® n, Q@ ny

1
nr®nm®nr+m

TP
(64)

By using frame transformation, it can be shown that

Siik = TuT ;s TixSuix (65)
and its matrix form
St Siz2 Sz Sz Sus Sizs
S=1Su1 Sam Sz Saz Saiz Sas (66)
S3i1 Sz2 Sszzz Sziz Sz Ssxz
or
deyy
dnyy; 3822
dng, = | dng | =S-| € | =8 d& (67)
dip dy,
dys
dyy

Now, we are able to evaluate Eq. (60) in the matrix form as

dG. _dG, dm dn, d& _ n
du, ~ dmadn, d& du, = R S-Bu

(63)

@ 1
L AV AYAYY
a4 AV A
TV
0.8+ /(2}&/
- | )4
c 0.6 /
5 ;.a,-
ZE04t {‘f} — Analytical 15=0.1
P / O FEA 1,=0.1
[ — Analytical 1,=0.5
02t WV > FEA 1,=0.5
— Analytical 1,=0.9
O FEA 1,=0.9
02 04 06 08 1

Engineering straing  x 10~

After obtaining Egs. (59) and (68), we obtain the following
Jacobi matrix:

of
K(f) _99
P ou,
= | —20-pN; 57 Q-Bav (©9)
Q
+ ?NT+IOBT-V¢ g -RT.-S-B,dV
o lO b /) m
Therefore, the elemental Jacobi matrix is assembled as
KO K©
K© ={ o (”g (70)
Ko Kup

It is worth mentioning that, to circumvent computational
difficulty due to singularity of the elemental Jacobi matrix in quasi-
static loading scenarios (e.g., snap-back), the discrete weak formu-
lations Eq. (42) are sometimes modified as

fu(ue’ ¢g) = fu(ues ¢e) + fur] (71)
f(l)(ues ¢e) = f(b(ue, ¢e) + f¢r]
where artificial viscous terms are introduced and defined as
£ =1 B] - 6dV =n[ Bl - %dv
_ T _ T ¢t B ¢t—At (72)
£y = ngsz “¢pdV = anNlﬁ ’ Tdv

where 7 is a parameter called artificial viscosity taking a very small
value (e.g.,1x 10_6). Therefore, the enhanced elemental Jacobi
matrix is given as

()
Gl Ko +Kp K (73)
- K(e) K(e) +K(€)
bu bb bn
where
<e>—”j B’ .C-B,dV
AL, “
Q 74
<€)=ij NJ - Nydv
on At Q 4
(b) 1
0.8¢
=
= I
S 0.6
% — Analytical <100>
& 0.4l O FEA<100>
oo ~ Analytical <110>
<) FEA<I110>
0.2 = Analytical <I11>
. O FEA<111>
( ..‘ 2
0.2

04 06 08 1

Engineering straing <10~

Fig. 4 (a) Plots of phase field in an SCS with varying regularization parameter I, =0.1, 0.5, and
0.9 as a function of uniaxial extension in (100) direction and its comparison with the analytical
solution, and (b) plots of phase field in an SCS with regularization parameter /o = 0.5 under uni-
axial extension for (100), (110), and (111) directions and its comparison with the analytical

solution
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(b) %107

Displacement u 10 T T : .
Rotation free hinges g? FEA<110> .4
— B FEA<I1I>
% 81 % Experimental ]
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3
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S
=
S 4
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k‘ <100> k 211>
<110> <110> 2 N 3 L "
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Computational settings Nominal crack length a/W

Fig. 5 (a) Schematic diagram of an SCS TDCB for two crystallographic orientations, subjected to a displace-
ment loading, and (b) plot of compliance (crack opening versus applied force) as a function of normalized
crack length a/W (crack length over a characteristic length W=78.2 mm of the sample) and its comparison
with the experimental data

The above algorithms are implemented in FORTRAN and incor- by the commercial finite element code ABAQUS/STANDARD.
porated into a finite element package multi-scale multi-physics Moreover, in addition to the four-node tetrahedral element, an
analysis of soft composites developed by the authors. In addition  eight-node hexahedral linear element (Brick-8, C3D8) is also
to our own finite element package, a user element subroutine implemented with little modifications (e.g., shape functions),
developed by the authors is also available, which can be called see Fig. 3(b).
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Fig. 6 Crack nucleation site and its growth in the TDCB at various stages of applied displacement u loading: (a) u=
10 um, (b) u=20 um, (c) u=30 um, (d) u=40 um, (e) u=50 um, and (f) u=60 um
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3 Numerical Experiments

3.1 Extension of a Single Crystal Silicon Brick. Our finite
element formulation is used to evaluate an SCS brick (dimensions
1 mmx 1 mm x 1 mm) subjected to a uniaxial tension. An analyti-
cal solution can be found for this example and compared with the
finite element results. The analytical solution is obtained by consid-
ering the total potential energy again

n:j (1—¢)21c*ezdv+j GC<L¢2+Z—OV</)~V</)>dV (75)
o 2 o 2l 2

where C, is the component of the elastic constitutive matrix C
along the extension direction. We further assume that deformation
is homogeneous and the gradient of the phase field is negligible.
Equation (75) is therefore reduced to

&

2
2 ¢ (76)

1
Mm=(1- ¢)2§C*82 +
Furthermore, by considering the principle of minimum potential
energy, the phase field is derived as

2
—~+C, £
lo
This relation will be used and compared with that computed by
the finite element method. The numerical solution is obtained using
material properties of SCS given as

1% =165.70 x 10° MPa, G!'% =4.26 x 10~°N/mm
10 =3.02x 10°N/mm  (78)

C"% =194.40 x 10° MPa, G!

M =203.97 x 10° MPa, G!"'V =2.92 x 10°N/mm

Figure 4(a) shows the phase field obtained from the analytical
model and the finite element model for an SCS specimen
loaded in (100) direction for varying regularization parameters
lp (i.e., 0.1, 0.5, and 0.9). Figure 4(b) shows analytical and finite
element results of the phase field of SCS with a constant regulari-
zation parameter /y = 0.5 loaded in different directions. The results
obtained from the finite element method are in good agreement
with the analytical results. This may indicate that a reliable compu-

tational model is developed for analyzing deformation and cleav-
age fracture of SCS.

3.2 Fracture of a Single Crystal Silicon Tapered Double
Cantilever Beam. In this numerical experiment, an SCS tapered
double cantilever beam (TDCB) sample is considered. The
details of geometric dimensions, loading conditions, and orienta-
tion of SCS can be found in Refs. [34,35]. The finite element
model of the SCS TDCB sample with two different crystallo-
graphic orientations is shown in Fig. 5(a). Figure 5(b) shows the
compliances of the samples with (110) and (111) cleavage direc-
tions as a function crack length for these two crystallographic
directions. The regularization parameter /o = 0.4 mm and artificial
viscosity #=1x10"% are considered in this study. The results
obtained by the finite element analysis agree well with the experi-
mental data in the mid-part length. The experimental data are
recorded from either (110) or (111) samples. However, the
author did not clearly point out the sample type. Nevertheless, com-
putational results for (110) and (111) samples are very close, and
the slopes of the curves for the two samples are almost the same.
This is consistent with the well-known fact that: while the
primary cleavage planes in SCS are {111} planes, {110} planes
could be also primary cleavage planes. Moreover, Figs. 6(a)-
6(f) show the crack nucleation site and its growth direction
in the specimen under different displacement loadings (i.e.,
u=10pum, u=20pum, u=30pum, u=40pum, u=>50um, and

051029-10 / Vol. 5, 2026

u =60 um). The crack growth direction is also consistent with
the experimental result.

4 Concluding Remarks

We present a 3D phase-field approach to simulating the brittle
fracture of SCS that is anisotropic in both elasticity and fracture
toughness. The difficulty of incorporating the anisotropic fracture
toughness of SCS into phase-field simulation is addressed by a
modified phase-field formulation. Our formulation allows us to
determine the most probable cleavage direction (i.e., the direction
of the maximum tensile principal strain component of the local
strain tensor) and critical energy release rate, thus predicting the
crack initiation site and crack growth direction. This is in contrast
to other models where the critical cleavage plane is defined as a
plane normal to the phase-field gradient, which may not be justified
physically.

To obtain the critical energy release rate of SCS in different
directions, two different methods are proposed: an interpolation
method based on the well-known data and a theoretical method
based on the assumption that the critical stress intensity factor of
SCS is constant. The interpolation method is better than the
method using a constant critical stress intensity factor.

We develop an iso-parametric monolithic finite element algo-
rithm to solve for the displacement field and the phase field
using four-node tetrahedral elements and eight-node hexahedral
elements. In addition, artificial viscous forces are proposed to cir-
cumvent computational instability due to snap-back in a quasi-
static analysis. To benchmark the finite element implementation,
we develop an analytical model to find the phase field in SCS
under uniaxial tension and make a comparison with the numerical
results. The analytical results agree well with the numerical results,
indicating the development of a reliable numerical procedure.

To demonstrate the application of our approach in real problems,
brittle fracture of an SCS tapered double cantilever beam is simu-
lated. Analysis result agrees well with the experiment, such as com-
pliance versus crack length and the crack growth direction.
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